NONCOMMUTATIVE TRANSFORMS AND FREE PLURIHARMONIC 

FUNCTIONS 
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Abstract. In this paper, we study free pluriharmonic functions on noncommutative balls [B{H) n ]-y, 
7 > 0, and their boundary behavior. These functions have the form 

oo oo 

f(X 1 ,...,X n ) = b a X^+a I+J2 a a X a , a a ,b a eC, 

k — l \ot\=k k — l \a\=k 

where the convergence of the series is in the operator norm topology for any (Xi , . . . , X n ) £ [B(H) n ]~/, 
and B(H) denotes the algebra of all bounded linear operators on a Hilbert space 7i. The main tools 
used in this study are certain noncommutative transforms which are introduced in the present paper and 
which generalize the classical transforms of Berezin, Poisson, Fantappie, Herglotz, and Cayley. Several 
classical results from complex analysis have free analogues in our noncommutative multivariablc setting. 
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Introduction 

In recent years, significant progress has been made in noncommutative multivariable operator theory 
regarding noncommutative dilation theory, its applications to interpolation in several variables, and 
unitary invariants for n-tuples of operators. In [35] . we developed a theory of holomorphic functions in 
several noncommuting (free) variables and provide a framework for the study of arbitrary n-tuples of 
operators. This theory enhances our program to develop a free analogue of Sz.-Nagy-Foia§ theory [44], 
for row contractions. 

Let F+ be the unital free semigroup on n generators gi, . . . , g n and the identity go- The length of 
a G F+ is defined by \a\ := if a = go and |a| := k if a — ■ ■ ■ gi k , where i±,...,ik € {1, . . . ,n}. If 
(Xi, . . . , X n ) £ B(Tt) n , where B(7i) is the algebra of all bounded linear operators on the Hilbert space 
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Ti., we denote X a := Xi t ■ ■ ■ Xi k and X go := In- Free pluriharmonic functions arise in the study of free 
holomorphic functions on the noncommutative open unit ball 

[B{H) n ]i := {(Xx, ...,X n )e B(H) n : \\XiX? + ■■■ + X n X* n \\^ 2 < 1}. 

We recall that a map / : [B(H) n ]i — ► B(TL) is called free holomorphic function with scalar coefficients if 

/ \ i/2fe 

limsup Y. K\ 2 ) < 1 and f(Xi,...,X n ) = EZoE la \=k a <*X a , (Xi, X n ) G [B(H) n ]i. We 

say that h : [B(TC) n ]i — ► B(TC) is a self-adjoint free pluriharmonic function on [B(H.) n ]i if h = Re / for 
some free holomorphic function /. An arbitrary free pluriharmonic function is a linear combination of 
self-adjoint free pluriharmonic functions. 

In this paper, we study free pluriharmonic functions on the noncommutative ball [B(Ti) n ]i and their 
boundary behavior. The main tools used in this study are noncommutative transforms which generalize 
the classical transforms of Berezin, Poisson, Fantappie, Herglotz-Riesz, and Cayley (see [2], [IB], [17], [7], 
[55] , [55] . [10]). We show that several classical results from complex analysis have free analogues in our 
noncommutative multivariable setting. 

Multi-Toeplitz operators on the full Fock space on n generators F 2 (H n ) have played an important role 
in multivariable operator theory ([21], [21], [S], [33], [jM], [37], [9]). In Section 1, we associate with each 
multi-Toeplitz operator a formal Fourier series 

<p(Si, ...,S n )= ^ b <* S a + a oI + ^ aaS °" 

\a\>l M>1 

where Si, . . . , S n are the left creation operators on F 2 (H n ). We show that a multi-Toeplitz operator is 
determined by its Fourier series and can be recaptured from it. The main result of Section 1 is a charac- 
terization of the multi-Toeplitz operators in terms of their Fourier representations. As a consequence, we 

SOT WOT 

deduce that the set of all multi-Toeplitz operators coincides with A„ + A n = A* n + A n , where 
An is the noncommutative disc algebra ([22], [21]), i-e., the norm closed algebra generated by Si, . ■ ■ , S n 
and the identity. 

Let Har(B(H)™) be the set of all free pluriharmonic functions on [B(H) n ]i with operator-valued coef- 
ficients. When the coefficients are scalars, we use the notation Harc(B(H)i). An important role in the 
study of the free pluriharmonic functions and their boundary behavior is played by the noncommutative 
Berezin transforms B^, introduced in Section 2, which are associated with completely bounded maps fi 
on B(F 2 (H n )). 

Throughout this paper, the Berezin transform B T , where r is the linear functional on B(F 2 (H n )) de- 
fined by r(/) :— (/(l), 1), will be called Poisson transform because it coincides with the noncommutative 
Poisson transform introduced in [30 . If / <G B(F 2 (H n )) and X E [B(H) n ]i, then the Poisson transform 
of / at X satisfies the equations 

Px[f] = B T (f,X) = K* x (f (g> I H )K X , 

where Kx is the noncommutative Poisson kernel. 

The classical characterization of the harmonic functions on the open unit disc ID as continuous functions 
with the mean value property has a noncommutative analogue in our setting. We show that a free 
pluriharmonic function u : [B(TL) n ]\ — > B{TL) is uniquely determined by its radial function 

[0, l)3rn u (rSi, . . .,rS n ) e A* n + A n 

and the Poisson mean value property, i.e., u(Xi, . . . , X n ) = Pi x [u(rS±, . . . , rS n )] for X := (Xi, . . . , X n ) G 
[B(H) n ]i and r € (0, 1). This characterization is used to obtain a Weierstrass type convergence theorem 
for free pluriharmonic functions, which enables us to introduce a metric on Harc(B(li.)™) with respect 
to which it becomes a complete metric space. 

We prove a Harnack type inequality (see [7] , [39] for the classical result) for positive free pluriharmonic 
functions and obtain a Harnack type convergence theorem for increasing sequences of free pluriharmonic 
functions, as well as a maximum (resp. minimum) principle for free pluriharmonic functions. 
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In Section 3, we characterize the set Har^ D (B('H)i) of all bounded free pluriharmonic functions on 

[B(H) n )i in terms of the boundary functions in A n + A n and obtain a Fatou type result [18] for 
bounded free pluriharmonic functions, which extends the F^°-functional calculus for pure row contractions 

The Dirichlet problem ( [18], [7]) for the unit disc D states: given a continuous function / on the unit 
circle T := {z e C : \z\ — 1}, find a continuous function /ionl such that h\j — f and h\o is harmonic. 
This problem is completely solved by the Poisson integral formula. In Section 4, we consider an analogue 
of this problem for free pluriharmonic functions. We prove that a function u : [B(H) n ]i — > B(TL) is free 
pluriharmonic and has continuous extension (in the operator norm topology) to the closed ball [B(Ti) n ]^ 

if and only if there exists / £ A* n + At" " such that 

u(X u ...,X n )= Pxlf], X:=(X U .. .,X n ) e [B(H) n ]i. 

A similar result is provided for the class of C* -harmonic functions u : [B{TL) n ]i — * B(H) which have 
continuous extensions (in the operator norm topology) to the closed ball [B(H) n ]i . A version of the 
maximum principle for C*-harmonic functions is also obtained. 

In Section 5, we introduce noncommutative versions of Fantappie, Herglotz, and Poisson transforms 
associated with completely bounded maps on the operator system TZ n + lZ n (or B(F 2 (H n ))), where 1Z n 
is the noncommutative disc algebra generated by the right creation operators R%, . . . , R n on F 2 (H n ) and 
the identity. These transforms are used to obtain characterizations for the set of all free holomorphic 
functions on [B(TL) n ]i with positive real parts, and to study the geometric structure and boundary 
behavior of the free pluriharmonic functions on [B(H) n ]i. 

In particular, we obtain the following noncommutative analogue of the Herglotz-Riesz representation 
theorem ([T7], [35]): if / : [B(H) n ]i -> B(H) is a free holomorphic function with Re f > on [B(H) n ]i, 
then there is a positive linear map /i on the Cuntz-Toeplitz algebra C*{R\, . . . , R„) such that 

f(X lt ...,X n ) = (H^)(X U ...,X n ) + i(Im/(0)), 

where the noncommutative Herglotz transform H/j, : [B(7i) n ]i — > B(H) is defined by 

(H(j,)(Xi, X n ) := (/j, ® id) [2{I - Rl ® Xi i$ ® X n y l - i] 

and (/x®id)(/®y) := n(f)Y for / e C*{R U . . . , R n ) and F € 

In Section 5, we also introduce the noncommutative Poisson transform of a completely bounded linear 
map on B(F 2 (H n )) and show that it is a particular case of the Berezin transform of Section 2. In 
the particular case when [i is a bounded linear functional on C* {R\, ■ ■ ■ , R n ), the Poisson transform 
Vfi : [B(H) n ]i -> B(H) is defined by 

{Vit){X u ... i X n ) := (fM®id)[P(R,X)], X := {X 1 ,...,X n ) e [B(W) n ]i. 

where the free pluriharmonic Poisson kernel is given by 

oo oo 

P(R,X) :=^2^2 R 5 ^X* + Rt^X a 

k=l \a\=k k=l \a\=k 

and the series are convergent in the operator norm topology. 

We show that the map [i i— > V\x is a linear and one-to-one correspondence between the space of all 
completely positive linear maps on the operator system lZ* n + lZ n and the space of all positive free pluri- 
harmonic functions on the open noncommutative ball [B(Ti) n ]i with operator- valued coefficients. In 
particular, any positive free pluriharmonic function on [B(H.) n ]i is the Poisson transform of a completely 
positive linear map on the Cuntz-Toeplitz algebra C*(R\, . . . , Rn). Moreover, we show that a free pluri- 
harmonic function h : [B(H) n }i — > B(H) is positive if and only is there exists an n-tuple of isometries 
(Vi, . . . , V n ) on a Hilbert space K,, with orthogonal ranges, and a vector £ 6 K. such that 

h(X 1 , . . .,X n ) = (w e ® id) [Sx (Vi, . . . , V n )*B x {V u . . . , K)] , 

where BxiVi, ■ ■ ■ , V n ) is the noncommutative Berezin kernel defined in Section 2 and uj^ is the linear 
functional defined by uj^(Y) := (Y£, £). 
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In Section 6, we introduce the space Har^(B(H)i) of all free pluriharmonic functions h such that 
\\h\\i := sup ||^/i.r|| < oo, where {vh.r} are bounded linear functionals associated with the radial function 

0<r<l 

[0, 1)3th h(rRi, . . . , rR n ) G 72* + 72 n . We show that (Harl(B(H)?), \\ ■ ||i) is a Banach space that 
can be identified, through the noncommutative Poisson transform, with the dual of the operator system 
72* + 72 n . As a consequence, we characterize the self-adjoint free pluriharmonic functions u which admit 
a Jordan type decomposition u = u + — u~ , where u + , u~ are positive free pluriharmonic functions on 
[B(H) n ]i. Another consequence of the above-mentioned result is that the space of free holomorphic 
functions 

Hl(B(H)V := Hol c (B(nyi) n Har l c 
is a Banach space (with respect to || • ||i) which can be identified with the annihilator of 72„ in the dual 
of the operator system 72* + 72„ . 

In Section 7, we introduce a noncommutative Cayley transform which turns out to be a bijection 
between the set of all contractive free holomorphic functions / on [B(H) n ]i with /(0) = 0, and the set 
of all free holomorphic functions g with g(Q) = and 

g(X 1 ,...,X n )*+I + g(X 1 ,...,X n )>0 for any {X u . . . , X n ) G [B{K) n ] x . 

This result and its consequences concerning truncated Cayley transforms are used, in Section 8, to 
solve the Caratheodory interpolation problem for free holomorphic functions with positive real parts on 
[B(H) n )i- We show that given a sequence of complex numbers {b a }\a\<m with bo > 0, there exists a 
sequence {&aj|a|>m+i C C such that 

b °° 

g{X 1 ,...,X n ) -=^+Y.Y. baX ^ (Xi,-..,X n ) G [B{H) n ]x, 

k=l \a\=k 

is a free holomorphic function with Re g(Xi, . . . , X n ) > for any {X\, . . . , X n ) £ [B(H) n ]i if and only if 

J2 ba(Si m) y +b I+ Yl b « S{ a m) >°> 
1 < | a | < m 1 < | a | < m 

where Si , . . . , S^"^ are the compressions of the left creation operators S\, . . . , S n to the subspace 'P^ m ' > 
of all polynomials in F 2 {H n ) of degree < m. We also show that the condition above is equivalent to the 
existence of a positive linear map v on C*(S%, . . . , S n ) such that 

v(S a ) = b a for \a\ < to, 

i.e., v solves the noncommutative trigonometric moment problem for the operator system ^4* +A n , with 
data {6 Q }| Q |< m . 

We also show that the Caratheodory interpolation problem for free holomorphic functions with positive 
real parts on [B(H) n ]i is equivalent to the Caratheodory-Fejer interpolation problem for multi-analytic 
operators |27j and to the Caratheodory interpolation problem for positive semidefinite multi-Toeplitz 
kernels on free semigroups [31] (see [S], [5], [JT] for the classical results). This result together 

with [31] provide a parametrization of all solutions of the Caratheodory interpolation problem for free 
holomorphic functions with positive real parts, in terms of generalized Schur sequences. 

Finally, we should mention that all the results of this paper are presented in the more general setting 
of free pluriharmonic functions with operator-valued coefficients. 

1. MULTI-TOEPLITZ OPERATORS ON FOCK SPACES AND THEIR FOURIER REPRESENTATIONS 

There are three fundamental questions about multi-Toeplitz operators on Fock spaces and the associ- 
ated Fourier series. 

(1) Is a multi-Toeplitz operator A determined by its Fourier series ? 

(2) If so, how can we recapture A, given the Fourier series ? 

(3) Given {^4( ct )} Q , 6F + and {B( a )} a ew + \{g }' ^ w0 sequences of operators on a Hilbert space £ , when 
is the formal series associated with them the formal Fourier representation of a multi-Toeplitz 
operator on £ ® F 2 (H n ) ? 
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We will answer these questions in this section. The results will play an important role in our investigation. 
Let H n be an 77,-diniGnsioiicil complex Hilbert space with, orthonornial basis ci, 62, • ■ ■ , Cm 

where 

n E {1,2,...}. We consider the full Fock space of H n defined by 

F 2 (H n ) :=0fff\ 

fe>0 

where H®° := CI and H® k is the (Hilbert) tensor product of k copies of H n . Define the left (resp. right) 
creation operators Si (resp. Ri), i = 1, . . . ,n, acting on F 2 (H n ) by setting Siip :— ei®ip, ip £ F 2 (H n ), 
(resp. Ri(p := ip®ei, ip & F 2 (H n ).) The noncommutative disc algebra A n (resp. TZ n ) is the norm closed 
algebra generated by the left (resp. right) creation operators and the identity. The noncommutative 
analytic Toeplitz algebra F£° (resp. TZ^) is the the weakly closed version of A n (resp. lZ n ). These 
algebras were introduced in |25j in connection with a noncommutative von Neumann inequality (see [45] 
for the classical case). They have been studied in several papers [24], [25], [27], [55]. [50]. [12]. [TTj. [52]. 
[0J, [2Tj. and [55]. 

Let F+ be the unital free semigroup on n generators g±, . . . , g n , and the identity go. We denote 
e a := ® • • • ® ei fc and e go := 1, Note that {e Q } QgF + is an orthonormal basis for F 2 (H n ). An operator 
A € £?(£ ® F 2 (H n )) is called multi- Toeplitz with respect to the right creation operators Ri, . . . ,R n if 
and only if 

(Is ® i?*)A(/ £ ®Rj) = SijA for i, j = 1, . . . , n. 

When n = l and £ = C we find again the classical Toeplitz operators on the Hardy space if 2 (O) . Define 
the formal Fourier representation of A by setting 

<p(Si, S n ) := B (c) ®S* a + A (0) ® I + ® 5q ' 

|a|>l I«I>1 

where the coefficients are given by 

(|| (A [a) x,y) := (A(x® l),y®e a ) , a G F+, 

(B( a) x,y) := (A(x® e a ),y<g> 1) , aeF+\{5 }, 

for any a;, y G 5. We also set A( ) := ^4( ff0 )- 

A few more notations are necessary. If uj,j e F+, we say that to > r 7 if there is u e F+\{go} such 
that ui = CT7. In this case we set w\ r 7 := a. Similarly, we say that oj >i 7 if there is a G F+\{<7o} 
such that a; = 7<r and set w\;7 := a. We denote by a the reverse of a e F+, i.e., a = g ik ■ ■ ■ g ik if 
a = 9h ' ' ' 9ik G ■ Notice that to > r 7 if and only if Co >i 7. In this case we have uj\ r ~f — £>\;7. 

Theorem 1.1. If A G B(£&>F 2 (H n )) is a multi- Toeplitz operator and <p(Si, . . . , £„) is ite formal Fourier 
representation, then Aq = <p(Si, . . . , S n )q for any vector-valued polynomial q = X)| Q |<m ^ a ® e "> ^« ^ ^> 
and m € N. If A, B are multi- Toeplitz operators having the same formal Fourier representation, then 
A IS. 

Proof. Notice that, since A(x ® 1) = A^x ® 1 + X)| a |>i(A Q ) x ® O G £ ® F 2 (H n ), we deduce that 
the series X)| Q |>i ■^■(a)-^(a) ^ s convergent in the weak operator topology (WOT). Similarly, since we have 
A*{x Ol) = Ajojs ® 1 + E| Q |>i(S ( * Q) a; ® e Q ) G f ® F 2 (ff„), we deduce that £ w >i 5( a )S ( * a) is WOT 
convergent. This implies that 

<p(Si, S n )q := J2 ® 5 a)9 + ( A (o) ®i)q+ J2 Sa ^ q 

\a\>l \a\>l 
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makes sense as a vector in the Hilbert space tensor product £ ® F 2 (H n ). Since A is a multi-Toeplitz 
operator, we deduce that 



(A(x® e 7 ),y® ej) = ((I ® Rl)A(I ® R^)(x ® l),y ® 1) = < 



((I®R* Q ^)A(x®l,y®iy, w>;7 
(A(x®l),y®l); cD = 7 

(A(I®R^\ lQ ){x®l,y®l); 7 > ; w 



otherwise 



'(A(ar<g> l),y®e w \ r7 >; w > r 7 ( (A {ui \ r7 )X, y) ; w > r 7 
(A(x(g) l),y <g> 1) ; w = 7 = I (A {0) x,y) ; ^ = 7 

(^(a;(g)e 7 \ rW ),y® 1); 7 > r w | (B^\ r0j) x, y) ; 7> 



= < 



0; otherwise (_0; otherwise 

for any x, y € £ and 7, w e F+. On the other hand, since S*Si = 5ijl for i,j = l,...,n, and {e Q } QeF + is 
an orthonormal basis for F 2 (H n ), we have 

. . . , S„)(a: ® e 7 ), 1/ <g> e w ) - . . . , S n )(I ® S 7 )(x <g> 1), (7 <g> S u )(y ® 1)) 

= ((I&SZ) B {a) (I ® S*) + A {0) ® I + Y A^^So, (I®S^)(x®l),y®l\ 

\ \|a|>l |ce|>l / / 

= ( E (B {a) ®S* w S* a S 7 )(x®l),y®l\ + (A {0) x,y) (^5 7 1, 1) + / ^ {A (a) ® S* u S a S^)[x® l),y® l\ 

\|q|>1 / \ |ck|>1 / 

(A(o)x,y); ^ = 7 

(B^\ r u)x,y) ; 7> r w 
v 0; otherwise. 

Therefore, 

(A(x®e 7 ),y<£>e w ) = (ip(S 1 ,...,S n )(xiS) e 7 ),y® e w > 
for any x,y £ £ and 7,0; G F+. Hence, we deduce that = . . . , S n )q for any vector- valued 

polynomial q = J2\ a \<rn^ a ® e "' h a £ £ and to e N. The last part of the theorem follows now easily. 
The proof is complete. □ 

It is easy to see that if A is a multi-Toeplitz operator, then A = A* if and only if A( ) = A*^ and 

= fOT " e F rt\{90>. 

An n-tuple T := (Ti, . . . , T„) of bounded linear operators acting on a common Hilbert space H is 
called contractive (or row contraction) if 

T 1 T* + ---+T n T:<I H . 

The defect operators associated with T are 

/ " \ 1/2 1/2 

D T . :=(lu-Y T ^ T * e B(H) and D T := - T*T 3 ] nxn ) e B(WW), 



while the defect spaces of T are D* = X> T * := £>t*H and X> = X> T := D T H {n \ where := ©f =1 W 

denotes the direct sum of n copies of TL. We say that an n-tuple V := (Vi, . . . , V n ) of isometries on a 
Hilbert space K, D 7i is a minimal isometric dilation of T if the following properties are satisfied: 

(i) ViV^ + --- + V n V*<lK\ 

(ii) V*\ H =T*, i = l,...,n; 

(iii) AC = V QeF + ^. 
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The isometric dilation theorem for row contractions (see [4], [16], [23]) asserts that every row contraction 
T has a minimal isometric dilation V, which is uniquely determined up to an isomorphism. Let Ai : TL — > 
F 2 (H n )®V be defined by 

A t h := 1 <g) L> T ( 0, . . . , 0, /i, 0, . . . , 0) © © • • • . 

i — 1 times 

Consider the Hilbert space JC :— TL (F 2 (H n ) ® I?) and embed and 2? in /C in the natural way. For 
each i = 1, . . . , n, define the operator V{ : K, — > /C by 

(1.2) l$(fce(£<8d)) := Ti/i <S[Aih +(S l <E>I v ) (f <8> d)] 

for any h E TL,£, E F 2 (H n ), d E T>, where S\, . . . ,S n are the left creation operators on the full Fock space 
F 2 (H n ). The n-tuple V := (Vi, . . . , V n ) 1 is a realization of the minimal isometric dilation of T. According 

to [231, 



(1.3) £* :=\l K -J2v i T?J'H 

is wandering subspace for V, i.e., V Q £* _L Vg£* for any a, (3 E F+ with a / ^ Moreover, there is a 
unitary operator 2?, defined by 

(1.4) - ^ T /j h = D T *h, hE TL. 

We recall that /C = My(£») := QgF + V a £* if and only if T is a pure row contraction, i.e., ll^a^ll 2 ~^ 

|a|=fc 

as k — > oo, for any h E TL. 

We denote by A n {£) the spatial tensor product B{£) ® m in A n , where A n is the noncommutative disc 
algebra. The main result of this section is the following characterization of the multi-Toeplitz operators 
in terms of their Fourier representations. 

Theorem 1.2. Let {^4( q )} qGF + and {B(a)} al =r+\{g y be two sequences of operators on a Hilbert space £. 
Then 

(p(Si, S n ) ■= J2 ® 5 « + A (0) ® 7 + E 5ct 

|a|>l |a|>l 

is the Fourier representation of a multi-Toeplitz operator A E B(£ F 2 (H n )) if and only if 

(i) 52\ a \>i A* a )A( a ) and J2\ a \>i B {a) B ( a ) are WOT convergent series, and 

(ii) sup \\cp(rSi,...,rS n )\\ < oa. 

0<r<l 

Moreover, in this case, 

(a) for each r E [0, 1), the operator 

oc oc 

p(rSi,...,rS n ) :=E E £ (a) ®rH^ + E 4 W^ Hs <» 

fc=l |a|=* fc=X |a|=fe 

is m i/ie operator space A n {£)* + A n (£), where the series are convergent in the operator norm 
topology; 

(b) A = SOT- lim tp(rSi, ■ ■ ■ > rS n ), and 

r— >1 

(c) ||A|| = sup \\ip(rSi,...,rS n )\\ = lim \\ip(rSi, . . . ,rS n )\\ = sup \\ip(Si, . . . , S n )q\\. 

0<r<l r-*l q££®V,\\q\\<l 

Proof. Assume that A E B{£ ® F 2 {H n )) is a multi-Toeplitz and let 

oc oo 

(a) ® "a 

fe=l |a|=fe fe=l |aj=ft 
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be its Fourier representation, where the coefficients are given by Part (i) of this theorem follows 

from the proof of Theorem 11.11 To prove part (ii), notice first that the operator tp(rSi, ■ ■ ■ ,fS n ) is in 
A n {£ )* + A n (£). Indeed, since S*Sj = SijI, i,j — 1, . . . , n, one can easily see that 



53 A (a) ®r' a IS 

\a\=k 



E ^(«)^( Q ) 
a|=fc 



1/2 



and a similar equality holds for the coefficients -B( Q ). Due to part (i), we deduce that the series above are 
convergent in the operator norm. This proves part (a). 

Now, we prove that ||</j(rS'i, . . . , r"5 n )|| < \\A\\ for < r < 1. Define the row contraction T := 
(Ti, . . . , T n ), where Ti = rSi, i = 1, . . . , n. Let V := {V\, . . . , V n ) be the minimal isometric dilation of T 
on the Hilbert space JC := TL © \F 2 (H n ) (g) D], where TL := F 2 (H n ). According to equation (|1.2p , we have 



(1.5) 



Vi 



rS, 
A, Si <8 Id 



z = 1 



with respect to the decomposition JC = TL® [F 2 (H n ) (g) P], Since T is a pure row contraction, we must 
have JC = My(>C*), where £* is the wandering subspace defined by relation (|1.3p . Due to Proposition 
2.10 from [23], we have limfc^oo Yl\a\=k VaT*h = for any h 6 TL. This implies 



(1.6) 



fe=0 |a|=ft V 



j=l 



for any h E TL. Define the unitary operator U : JC — > F 2 (H n ) <g P» by setting 



(1.7) 



c/ 5Z ^ := E e «® $ «(u 



vctGFJ 



where X) q gf+ l^ Q l 2 < 00 > ^ a ^ £*' anc ^ ^* ^ s defined by relation (|1.4p . Notice that 

(1.8) [/^ = (Si®7p,)[/, i = l,...,n. 
Now, we prove that 

(1.9) Pe®nKle®U')(A®I v ,)(I s ®U)]\ £9 H = <p(rSi,...,rS n ), < r < 1. 

Since both sides are bounded operators, it is enough to prove the equality on a dense subset of £ ® W = 
£ ® F 2 (H n ). Taking ft, = e^, /3 £ F+, in relation p.6p . we obtain 

oo / n \ 

e /3 = E E v * W - r E v * s t r ' a| ^^- 

fc=0|a|=fc V 8=1 / 

According to (II. 7p . the definition of <f>», and the fact that S^ep — if \a\ > \j3\, we deduce that 

U(e p )= e a ^r^D T ,S* a e p . 

l«l<l/3| 

Notice that, for any 7, /3 e F+, we have 

((J £ © U*)(A®lT>,)(Ie <8> U)(x<8> e 7 ),y © e^) 

= ^(A(g)7 r ,,)(J £ ;(g)Z7)(a;(g)e 7 ),2/(g) 53 e a ® r |a| £> T «5*e^\ 

|a|<™/3| 

= ((M^iflOSi, . ■ ■ , S'n) ® /d.)(/b 8> 17) (a ® e 7 ), (7 f ® U)(y <g e )) , 
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where Mfa\ t \p\(Si, S n ) ■= B (a) ® Sa + ^(o) ® I + Yl A«) ® Now, using relations 

l<\a\<\/3\ 1<I"I<I/3| 

(fl~8| and (fl~5|) . we deduce that 

((M hm (Si, . . . , S n ) ® ® C7)(a; <g> e 7 ), (7 f <g> <g> e^)) 

= ((Is ® l/*)M| 7 | i | j g|(S r i ® iz>„, • • • , S n ® ix)J(/£ ® £/)0 ® e 7 ), y ® e^) 

= ( M h\,\/3\( v ii ■ ■ ■ ' ® e *>)> V ® e P) 
= (M| 7 | i | J g|(rS'i, . . . ,rS n )(x <8> e 7 ), y <g> e^) 

oo oo \ V 

v fe=0|Q|=fe fc=0|a|=fc / / 

for any 7, (3 G F+. Therefore, relation (|1.9p holds. Hence, we deduce that 

(1.10) sup \MrS u ...,rS n )\\ < \\A\\, 

0<r<l 

which proves part (ii). Now, we prove that 

(1.11) A= SOT-]im tp(rSi,...,rS n ). 

r— >1 

First notice that, since J2\ a \>i A( a )A( a ) and J2\ a \>i B( a )B( a ) are WOT convergent, we have 

(1.12) \\<p(rSi, ■ . . ,rS n )p- tp(St, . . . , S n )p\\ -> 0, as r -> 1, 

for any vector-valued polynomial p££®'Pc£(E) F 2 (H n ), where C F 2 (H n ) is the set of all 
polynomials in ei, . . . , e n . Given e > and h E £® F 2 (H n ), there exists a polynomial p E £®V such 
that — p|| < 2pjf ■ Hence, and using the fact that ||y>(rSi, . . . , rS n )\\ < \\A\\ for < r < 1, we deduce 
that 

|| ¥3 (r5 1 ,...,rS»)/i-A/ l || < ||p(rSi, . . . ,rS n )(h - p)\\ + \\(<p(rSi, . . . ,rS n ) - cp(S u . . . , S n ))p\\ + \\Ap - Ah\\ 

< ||^(r5 1 ,...,r^)||||fc-p|| + ||(^(r5 1 ,...,r^)-^(5 1 ,...,^))p|| + || J 4||||/i-p|| 

< 2||A||||fc-p|| + \\(<p(rSi, ...,rS n )- <p(Si, S n ))p\\ 
<e + \\(ip(rSi,...,rS n )-ip(Si,...,S n ))p\\. 

Therefore, due to (|1.12[) , we obtain limsup r _ ) . 1 \\tp(rSi, . . . ,rS n )h — Ah\\ < e for any e > 0. Hence, 
lim r _,i |jy>(rSi, . . . ,rS n )h — Ah\\ = 0, which implies relation (|1.11[) and, therefore, part (b) holds. 

Conversely, assume that the coefficients {^4( Q )} aeF +, {^(a)}F+\{g } satisfy the conditions (i) and (ii). 
Let us show that sup \\ip(Si, . . . , S n )q\\ < 00. If this was not the case, then, for any M > 

0, there would be a polynomial q G £ ® V with ||g|| = 1 such that \\ip(Si, . . . , S n )q\\ > M. Since 
\\tp(rSi, . . . , rS n )q - tp(Si, . . . , S n )q\\ — > as r — > 1, there is r G (0, 1) such that \\ip(r Si, ■ ■ ■ ,roS n )q\\ > 
M. Hence \\ip(roSi, . . . ,roS n )\\ > \\<p(roSi, . . . , roS n )q\\ > M, which contradicts (ii). Consequently, 

sup || ip(Si, . . . , S n )q\\ < 00, and, therefore, there is a unique operator A G B{£ ® F 2 (H n )) such 

that Aq = <p(Si, . . . , S n )q for any polynomial q G £ <E> V. As in the the proof of part (b), one can show 
that A = SOT- lim ip(rS\, . . . , rS n ). Hence and using that (p(rS\, . . . , rS n ) is a multi-Toeplitz operator, 

r— >1 

1. e., 

(I £ ® RZ)ip(rS u . . .,rS n ){I £ ® Rj) = 5 lJ ip{rS 1 , . . .,rS n ), i,j = 1, . . . ,n, 
we deduce that A is also a multi-Toeplitz operator, which completes the proof of the converse. 

Now, we prove part (c) of the theorem. If e > 0, then there exists a polynomial q G £ ® T 5 with 

||gr|| = 1 such that || Ag|| = ||<^(Si, . . . , S n )q\\ > \\A\\ - e. Since A = SOT- lim ip(rSi : . . . ,rS n ), there exists 

r— >1 

r G (0, 1) such that ||y>(ro5i, . . . ,r 5„)q|| > ||A|| — e. Using now relation (jl.lOp . we deduce that 

(1.13) sup || ¥ >(rSi,...,rS , „)|| = ||A||. 

0<r<l 
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Now, let n,r2 € [0,1) with n < r2. Since the operator g(Si,...,S n ) :— (pfaSi, . . . , rzSn) is in 
the operator system A n (£)* + A n (£), the noncommutative von Neumann inequality [25] (see [45] for 
the classical case) implies ||p(rSi, . . . , rS n )\\ < \\g(Si, . . . , S n )\\ for any < r < 1. In particular, when 
r := jq, we deduce that \\(p(riSi, . . . ,7"iS„)|| < WipfaSi, . . . , r2*S'„)||. Consequently, the function [0, 1] 9 
r — > \\ip(rSi, ■ ■ ■ ,rS n )\\ G M + is increasing. Hence, and using relation (|1.13|) . we complete the proof. □ 

Corollary 1.3. The set of all multi-Toeplitz operators on £ ® F 2 (H n ) coincides with 



-wot — — — ; — -—SOT 



A n (£)* + A n (£) = A n {£)* + A n {£) 
where A n (£) := B(£ ) ® m in -A n and A n is the noncommutative disc algebra. 

Proof. If A is a multi-Toeplitz operator and if (Si, . . . , S n ) is its Fourier representation, then, according to 
Theorem[L2 tp(rSi, . . .,rS n ) is in An(£)*+A n (£) for any r G [0, 1) and A = SOT-lim r ^i <p(rSi, . . .,rS n ). 

SOT 

Therefore, A is in A n (£)* + A n (£) . Conversely, since any operator X 6 A n (£)* +A n (£) satisfies the 

SOT 

equation (Is ® R*)X(Ie ® Rj) = 5ijX for i,j = 1, . . . n, so does any operator T E A n (£)* + A n (£) 

WOT 

Therefore, T is a multi-Toeplitz operator. If T G An(£^* ~\~ An(£) , an argument as above shows 
that T is a multi-Toeplitz operator and, due to the first part of the proof, we deduce that T £ 

SOT 

An(£ )* + A n (£) ■ Since the other inclusion is clear, the proof is complete. □ 

We remark that all the results of this section have appropriate versions for the multi-Toeplitz operators 
with respect to the left creation operators on the full Fock space. 



2. Noncommutative Berezin transforms and free pluriharmonic functions 

We introduce noncommutative Berezin transforms associated with (completely) bounded linear maps 
on B(F 2 (H n )), which will play an important role in the study of free pluriharmonic functions and 
their boundary behavior. First, we present some of their properties and connections to the classical 
case [2] and the noncommutative Poisson transform [3D]. Then we work out some basic properties of 
the free pluriharmonic functions on the noncommutative ball [B(H) n ]i, including a Poisson mean value 
property, Weierstrass type convergence theorem, Harnack type inequality (resp. convergence theorem), 
and a maximum (resp. minimum) principle. The free holomorphic functional calculus for n-tuples of 
operators [35j is extended to free pluriharmonic function. 

Let 7i be a Hilbert space and identify M m (B(TL)), the set of to x to matrices with entries from B(H), 
with B(H {m) ), where H^ m) is the direct sum of to copies of TL. Thus we have a natural C*-norm on 
M m (B(H)). If X is an operator space, i.e., a closed subspace of B(H), we consider M m (X) as a subspace 
of M m (B(TL)) with the induced norm. Let X,y be operator spaces and u : X — > y be a linear map. 
Define the map u m : M m (X) — > M rn (y) by u m ([xij]) := [u(xjj)]. We say that u is completely bounded if 
||u|| c h := sup m>1 \\u m \\ < oo. If ||it|| c b < 1 (resp. u m is an isometry for any to > 1) then u is completely 
contractive (resp. isometric), and if u m is positive for all m, then u is called completely positive. For 
basic results concerning completely bounded maps and operator spaces we refer to [20], [22], and [13] . 

Let JC be a Hilbert space and let fj, : B(F 2 (H n )) — > B(JC) be a completely bounded map. It is 
well-known (see e.g. [20] ) that there exists a completely bounded linear map 

Jl := ft ® id : B(F 2 (H n )) ® mm B(H) -» B(JC) ® mm B(H) 

such that fl(f (g Y) := fi(f) ® Y for / e B(F 2 (H n )) and Y G B(H). Moreover, ||/x|| c6 = ||/z|| c6 and, if /x 
is completely positive, then so is Jl. We introduce a noncommutative Berezin transform associated with 
\x as the map 

B„ : B(F 2 (H n )) x [B(H) n ] x B(AC) ® roi „ B(W) 

defined by 

(2.1) B^(/,A:):=/I[Bi(/®J w )Bx], / e B(F 2 (H n )), X := (X x , . . . , X n ) e [B{H) n ]i, 
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where the operator Bx € B{F 2 (H n ) ® H) is defined by 

(2.2) B x := (I F 2 [Hn) ®A X )(I-R 1 ®XZ R n ® X^ 1 

and A x := (I w - £^ =1 X^*) 1 / 2 . We remark that the reconstruction operator 

R x : = i?! ® X* + ■ • ■ + R n ® X* 

has played an important role in noncommutative multivariable operator theory (see |37j . [35]). Note 
that, due to the fact that Rx,...,R n are isometries with orthogonal ranges, we have \\R X \\ = \\X\\ 
and, therefore, the operator Bx is well-defined. We also remark that the noncommutative Berezin 
transform is well-defined even if the n-tuple X := (Xi, . . . ,X n ) € [B(H) n ]i has joint spectral radius 
r(X\, . . . , X n ) < 1. We recall that the joint spectral radius is defined by 

i 

2k 

r(Xi, . . .,X n ) := lim 



k- 



x a x* 

a\—k 



and it is also equal to the spectral radius of the reconstruction operator Rx (see [37]). Consequently, 
r(Ti, . . . , T n ) < 1 if and only if the spectrum of Rx is included in D. 

Theorem 2.1. Let B^ be the noncommutative Berezin transform associated with a completely bounded 
linear map fj, : B(F 2 (H n )) -> B(K). 

(i) IfXe [B(H) n ]x is fixed, then 

B^X) : B(F 2 (H n )) -> B{K) ® min B(H) 



is a completely bounded linear map with \\B^(-, X)\\ c ), < \\fj,\\ c b\\B x 



2 



(ii) If fi is selfadjoint, then B^(f*,X) = B fi (f 1 X)*. Moreover, if fi is completely positive, then so is 

the map Su(-, X). 
(m) If f £ B(F 2 (H n )) is fixed, then the map 

Bptf, •) : [B{H) n ]x B{K) ® mm B(H) 

is continuous and \\B^(f,X)\\ < ||/i|| c b||/|| ll-Bx|| 2 for any X G [B(H) n }\. 

Proof. The items (i) and (ii) follow easily from the definition of the noncommutative Berezin transform. 
To prove part (iii), let X,Y £ [B(H) n ]i and notice that 

\\B(i(f,X) - B M (/,y)|| < ||^||||^(/«i/ T< )(fl x -fly)|| + || M ||||(fli-B$.)(/® J w )fly|| 

< \\fi\\\\f\\\\B x -B Y \\(\\B x \\ + \\B Y \\). 

The continuity of the map X i— > B^(f,X) will follow once we prove that X >— > B x is a continuous map 
on [B(H) n ]i. To this end, notice that 

(2.3) \\B X - B Y \\ < \\Ax\\\\(I - Rx)' 1 - (I - R^W + \\A x - A y \\\\(I - R x )-\ 

Since \\Rx — Ry\\ — \\X — Y\\, the map X i— > R x is continuous on [B(H) n ]i. Taking into account that 
\\Rx\\ < 1 for any X G [B(H) n ]i, we deduce that X (I — Rx)' 1 is also a continuous map on [B(H) n ]i. 
Due to (12. 3p . it remains to show that the function X i— » Ax is continuous on [B(7i) n ]i. By Weierstrass 
approximation theorem, for any e > there exists a polynomial p of A such that sup Ag [ ,i] |p( A) — a/A| < §■ 
Due to the representation theorem for normal operators, we have 

(2.4) ||p(A^) - Axil < | and \\p(A Y ) - A Y \\ < |. 
Note also that 

||A|-A^||<||X-y||(||X|| + ||y||)<2||X-Y||. 

Consequently, since p is a polynomial, there exists S > such that ^(A^) — p(Ay)|j < | if \\X — Y\\ < S 
and X,Y e [B{H) n )x. Now, using relation (j2~4]) . we deduce that 

||Ax-A r || < ||A x -KAi)|| + |b(A^)-KAf.)|| + |b(A^)-A r || <e 

if || JSC — y|| < S, which proves the continuity of the map X i— > A^. Therefore, the map X i— > X) is 

continuous on [£?(7i)"]i. The inequality in (iii) is obvious. The proof is complete. □ 
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In what follows we present two particular cases of the noncommutative Berezin transform which will 
play an important role in this paper. 
The Berezin transform BAI, ■ )• 

If / = I, the identity on F 2 (H n ), then the Berezin transform 13^(1 , ■ ) coincides with the noncommu- 
tative Poisson transform V [i associated with fi, which will be discussed in Section 5. We will show that, 
for any X := (Xi, . . . , X n ) £ [B(H) n ]x, 

OC CO 

B M (J, X) = ]T ]T n(Rs) ®X* + M (J) ® I + £ ^ R s) ® x a , 

k=l \a\=k k=l \a\=k 

where the convergence is in the operator norm topology of B(IC <g> TL). Consider the particular case when 
n = 1, K = /C = C, X = re 10 G D, and fi is a complex Borel measure on T. Since \x can be seen as a 
bounded linear functional on C (T) , there is a unique bounded linear functional (1 on the operator system 
^4(D)* +^4(D) (here A{p) is the disc algebra generated by the unilateral shift S acting on the Hardy space 
H 2 (D)) such that fi(S k ) = [i(e ikt ) if k > 0, and p,(S* k ) = ^(e~ ifct ) if k > 1. Indeed, if p is any polynomial 

of the form p(X, A) = ^21=1 + Sfc=o > then, using the noncommutative von Neumann inequality 
(when n = 1), we obtain 

\mS\S))\ = \n(p(e- lt ,e lt ))\ < M sup b(e- rf ,e lt )| < |H|||p(S*,S)||, 

e i4 6T 

which proves our assertion. Now, it is easy to see that the noncommutative Berezin transform B^(I, ■ ) co- 
incide with the classical Poisson transform of fx, i.e., P r (9—t)dfj,(t), where P r (6—t) = 1 _ 2r C o^(g_t)+r 5 
is the Poisson kernel. 

Throughout this paper, the Berezin transform B^I, ■ ) will be denoted by P/i and called the (non- 
commutative) Poisson transform of /i. 

Next, we show that the noncommutative Poisson transform introduced in [30] is in fact a particular 
case of the noncommutative Berezin transform. 
The Berezin transform B T . 

Let r be the linear functional on B(F 2 (H n )) defined by t(/) := (/(1),1). If X G [B(H) n ]i is fixed, 
then B T (-,X) : B(F 2 (H n )) — > B(H) is a completely contractive linear map and 

(B T (f,X)x,y) = (B x (f®I H )B x (l®x),l®y), x,yeH. 

We remark that B T (-,X) coincides with the noncommutative Poisson transform Px introduced in [30j . 
More precisely, we have 

B T (f,X) = P x (f):=K* x (f®I)K x , 

where K x = Bx\nsn '■ 7~L — ¥ F 2 (H n ) ® Tt. We recall from [30] that the restriction of P x to the Cuntz- 
Toeplitz C*-algebra C*(Si, . . . , S n ) (see [8]) can be extended to the closed ball [B(H) n ]i by setting 

(2.5) P x (f):=]im K* x (f®I)K rX , X e [B{H) n ]i , / e C*(Si, . . . , S n ), 

r— >1 

where rX :— (rXi, . . . , rX n ) and the limit exists in the operator norm topology of B(H). In this case 
we have 

(2.6) Px(S a S;) = X a X; for any a, /? G F+ 

When X := (Xi, . . . ,X n ) is a pure n-tuple, i.e., J2\ a \=kX a X* — * 0, as k — > oo, in the strong operator 
topology, then we have P x (f) = K* x {f ® In particular, if X = 0, then P (/) = (/(l), 1) I n . We 

refer to [3D], [35]) and [37] for more on noncommutative Poisson transforms on C*-algebras generated by 
isometries. 

If / G B(F 2 (H n )) is fixed, then B T (f,-) : [B(H) n ]i -> B(H) is a bounded continuous map and 
\\B T (f,X)\\ < ll/H for any X G [£(H)"]i. If n = 1, W = C, X = A G B, we recover the Berezin transform 
of a bounded linear operator on the Hardy space H 2 (U>), i.e., 

B T (f, A) = (1 - |A| 2 ) (fk x , k x ) , / G 5(# 2 (]D>)), 

where /ca(-z) := (1 — Az) -1 and z, A G P. 
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Throughout this paper, the Berezin transform B T will be called Poisson transform, to be in accord 
with the terminology used in our previous papers. If / £ B(F 2 (H n )) and X 6 [B(7i) n ]i, then the Poisson 
transform of / at X is given by 

Px[f] :=B T (f,X) = K* x {f®I H )K x . 

This induces a completely contractive linear map 

id ® mm Px ■ B{£) ® min B(F 2 (H n )) -> B{£) ® min B(H) 

such that (id<g) TOin Px)(Y<g>/) = Y®P x [f] for &ny Y e B(£) and / € B(F 2 (H n )) 1 where £ is a Hilbert 
space. It is easy to see that 

(id ® min Px){u) = (I £ <8> K* x )(u ® I H )(I S ® i^x) 

for any u £ B(£) ® m i n B(F 2 (H n j). Given X G [B(H)]i, we define the operator- valued Poisson transform 
at X to be the map P x : B(£ <g> F 2 (H n )) -> £(£ <g> H) defined by 

(2.7) Pa>] := (Is (8 Jf£)(u ® <8> «x) 

for any u € B(£ <g>F 2 (H n )). It is clear that Px is an extension of the map id£g> m i„ Px- In the particular 
case when £ is finite dimensional, they coincide. 

Now, we need to recall from |35j a few facts concerning free holomorphic functions on noncommutative 
balls. Let {^4( a )} aeF + be a sequence of bounded linear operators on a Hilbert space £ and define R 6 [0, oo] 
by setting 

i 

2 k 

E A U A M 

M=fc 

The number R is called radius of convergence of the formal power series 53aeF + A (a) ln noncommuting 
indeterminates Z\, . . . , Z n , where Z a := Zi t ■ ■ ■ Zi k if a = ■ ■ ■ gi k and Z ga := I. Define the open 
noncommutative ball of radius 7 > 0, 

1/2 



— := lim sup 

R k — >oo 



[B(H) n ] 



(X u ...,X n )eB(H) n 



< 7 



A map F : [B(H) n ] 7 — ► B(£)® m i n B(H) is called a free holomorphic function on [B(Ti) n ] 1 with coefficients 
in B(£) if there exist 6 B(£), a <G F+, such that the formal power series 53 Q eF + ^O) has radius 

OC 

of convergence > 7 and such that F(X\, . . . , X n ) = X} E ^(q) ^^q; where the series converges in the 

fe=0 \a\ = k 

operator norm topology for any {X\, . . . ,X n ) G [B(H) n ]j. We recall ([35]) that the following statements 
are equivalent: 



(i) the series 53 53 A (a) ®X a is convergent in the operator norm for any (Xi, 

k=0 \a\ = k 

and any Hilbert space JC; 

l /2k 

1 . 



,,x n ) e [B(JC) n ]. 



(ii) lim sup 

k — too 



< 



E A* (a) A (a) 

\a\=k 

(iii) the series 53^1 1 53| Q |=fc A (a) ® f '"'S^ is convergent in the operator norm for any r £ [0, 7). 

The set of all free holomorphic functions on [B(H) n ] 7 with coefficients in B(£) is denoted by Hoi (B(H)™). 
If the coefficients are scalars, we use the notation Holc{B(l~C)™). We say that G is a self-adjoint free 
pluriharmonic function on [_B(7i)™] 7 if there exists a free holomorphic function F on [_B(7i)™] 7 such that 
G = ReF, i.e., 



G(X l! ...,X„)=ReF(X 1 , 



,X n )+.F(Xi,...,X n )*) 



for (Xi, . . . ,X n ) G L3(7i)™] 7 . iJ is a free pluriharmonic function on L3(7i)"] 7 if H := Hi + iH2, where 
Hi and i?2 are self-adjoint free harmonic functions on [B(H) n } 7 . According to [35J, any free holomorphic 
on [£>(7i)™] 7 is continuous and uniformly continuous on [B(H.) n ]~, < r < 7. This implies similar 
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properties for free pluriharmonic functions. We remark that in the particular case when n = 1, a function 
is free pluriharmonic on [B(7i)]i if and only if it is harmonic on the open unit disc D. Let Har(B{TL)™) 
be the set of all free pluriharmonic functions on [B(H) n ]j with operator-valued coefficients. When the 
coefficients are scalars, we use the notation Harc(B(H)™). 

The following result is an immediate consequence of the above-mentioned properties. 

Proposition 2.2. A map G : [B(H) n ]~ ( — > B(£ ) ® m in B(7i) is a free pluriharmonic function on 
[£?(7i)™] 7 with coefficients in B(£) if and only if there exist two sequences {A^} aG¥ + C B(£) and 

i B (a)} a e¥+\{g } C B (£) SUch that 



lim sup 

k — >oc 



E A la) A {a) 
a\=k 



l/2k 



< 



lim sup 

k— >oc 



E B (<*) B U 

\a\=k 



l/2k 



< 



(2. 



G(Xi, . . . , X n ) 



E E 



X* + A 



(0) 



E E 

fc=l \a\=k 



x n 



k=l \a\=k 

where the series are convergent in the operator norm topology for any (X\, . . . ,X n ) G [B(7i)™] 7 . 



We remark that two sequences of operators {^4( Q )} Q , e F+ and { B (a)} ae r+\{ go } in B(S) generate, by 
relation (|2.8p , a free pluriharmonic function G : [B(H) n ]~ f — ► B(£) ® m in B (T~t) if and only if the series 
Efcli J2\ a \=k A (a)®r^S a and YX=i S|a|=fc B (a)® r ^ s * a are convergent in the operator norm topology 
for any r G [0,7). Moreover, if Ti. is infinite dimensional, then it is enough to assume the convergence 
in the operator norm of the series in (|2.8[) . Notice also that a free pluriharmonic function is uniquely 
determined by its representation on an infinite dimensional Hilbert space, in particular, on the full Fock 
space F 2 (H n ). 

Lemma 2.3. If 71 > and < 7; < 1 for j = 2, . . . , k, then 

P yi -i k x = P lt x o P TlS o ■ ■ ■ o F 7fcS 

for any X G [B(Ti.) n ] j_, where S := (Si, . . . , S n ) is the n-tuple of left creation operators on the Fock 

■yi 

space F 2 (H n ). Moreover, 

P 7l-7^[3] = ( P 7l^ oP 72S°---°P7 fc s)[g] 

for any g G B(£) ® m in B(F 2 (H n ), where Py is defined by (|2.7[) . 

Proof. We recall that the Poisson transform of / G B(F 2 (H n )) at Y G [B(H) n ]\ is given by 

Py[f] :=B T {f,Y)=lC Y (f®In)K Y . 
Now, we prove the result for k = 2. First, we show that 



(2.9) 



P H72x[g} = (P 71 X P-y 2 s) [9} 

■ S n ) '■= 2 a< ^pS a S^, to G N, be a sequence of polynomials in 



for any 5 G C*(5i, . . . , S„). Let p m (Si, . 
C*(Si, . . . , S n ) such that p m (S\, • • ■ , SVi) - ► 9 in the operator norm, asm-t 00. Due to the properties of 
the Poisson transform, we have 

p^x {Py 2 s\p m {Si, s n )}} = k; iX { [k; 2S (p m (Si, . . . ,s n ) ® i F ^ H „)) k 12S ] ® i H ) k 1iX 

= K* lX [p m (J2S1, . . . ,72-Sn) ® ^ 7 iX = Pm (7l72-X"l, ■ ■ • , 7l72^n) 
= K* ll2X (p m (Si, . . . , S n ) ® /ft) i^ 7l72 X = P 7l 7 2 x[Pm('S'l, . . . , 5„)]. 

Since the Poisson transform is continuous in the operator norm topology, we deduce relation (|2.9[) . Recall 
that C*(Si, . . . ,S n ) contains the compact operators in B(F 2 (H n )) (see [5]) and any finite rank operator is 
compact. Therefore, Q< m f G C*(S t , S„) for any / G B(F 2 (H n )), where Q< m := I-Y,\ a \= m +i S <* S a 
is the orthogonal projection of F 2 (H n ) onto the set of all polynomials of degree < m. Due to the first 
part of the proof, we have P lll2 x[Q<mf] = (P lt x ° f 72 s)(Q<m/)- Notice also that \\P l2 s[Q< m f}\\ < 
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||Q<m/|| < ll/ll for any m G N, and SOT- lim Q< m f = f ■ Since the map A i-> A® I is SOT-continuous 

m — >oo 

on bounded subsets of B(F 2 (H n )), the above equality implies P lll2 x[f] = (-P71X P-y 2 s)[f] f° r an y 
/ G B(F 2 {H n )). The general result follows easily by iteration. Now, the second equality can be easily 
deduced. This completes the proof. □ 

Let V n be the set of all polynomials in Si, . . . , S n and the identity, and denote by V n (£) the spatial 
tensor product B(£)®V n - The next result shows that a free pluriharmonic function is uniquely determined 
by the Poisson mean value property and the radial function. 

Theorem 2.4. If u : [B(7i) n ] 1 — ► B(£) ® m i n B(TL) is a free pluriharmonic function , then 



HHI 



(i) u(rSi, ■ ■ - ,rS n ) G V„(£)* + V„(£) for any r G [0,7), and 

(ii) u has the Poisson mean value property, i.e., u(X\, . . . , X n ) = Pi x [u(rSi, . . . , rS n )] for any 
X := (X u ...,X n ) G [B{H) n ] r and re (0, 7 ). 

-II - II 



Conversely, if there exists a map <p : [0,7) — > V n (£)* +V n (£) such that 

(2.10) <p(r)=PrsW)\ 

for < r < t < 7, then the map v : — » B(£) ® m in B(7i) defined by 

(2.11) v(X u ...,X n ):=PL X [ip{r)] 

for any X := . . . ,X n ) G [B(H) n ] r and r G (0,7), is a free pluriharmonic function. Moreover, 
v(rSi, . . . , rS n ) — <p(r) for any r G [0, 7). 

Proof. Assume that u is a free pluriharmonic function and has the representation 

00 00 

«(!!, ...,Y n ) = J2 r « + A m ® J + EE A («) ® y « 

fc— 1 |o;|=fe fe=l |q|— 

for any (Yi, . . . ,Y n ) G [_B(W) n L. Since the series above are convergent in the operator norm topology, 



one can easily see that u(rS±, . . . , rS n ) G A n (£)* + A n (£) C V n (£)* + V n {£) for any r G [0,7). 
Denote q m (Si, ■ ■ ■ , S„) := J2o<\ a \< m ® ^ + Z)o<|a|<m A<*) ® m e N ' ano ^ notice tnat relation 
jIS]| implies gm (ri,...,r„) = PiyMrSi,...,rS B )] for any Y := (Y u ...,Y n ) G [B(H) n ] r and r G 
(0, 7). Taking into account that the Poisson transform is completely contractive, that q m (Yi, . . . ,Y n ) —> 
u(Yx, . . . ,Y n ) and q m (rSi, . . . ,rS n ) — > u(rSi, . . . ,rS n ), as m — ► 00, we deduce item (ii). 

Conversely, assume that the map has the properties stated in the theorem and fix r G (0, 7). Due to 
Corollarv ll.31 <p(r) is a multi-Toeplitz operator. By Theorem ll.il tp(r) has a unique Fourier representation 

B {a) (r)®r^S* a +A {Q) (r)®I+ £ A (ct) (r) ® r^S a , 

\a\>0 \a\>0 

where {A( Q )(r)} Q( _ F + and {B(a)( r )} a £W+\ i go \ are some sequences of operators in B(£). Applying Theorem 
Ol we deduce that"the map h : [B(H) n ]i —> B(£) ® mm B(H) defined by 

OO OO 

(2.12) h(Z 1 ,...,Z n );=J2 B (a) {r)®r\ a \z* a +A (0) (r)®I + Y. E A (a) {r)®r^Z a 

k=l \a\=k k=l \a\=k 

is a free pluriharmonic function, where the series are convergent in the operator norm topology. Choose a 
sequence of polynomials {p m (Si, S n )}^ =1 in V n (£)* +V n (£), such that \\p rn (rSi, ... , rS n ) — tp(r)\\ — > 
0, as m — > 00. Applying again Theorem 1 1.21 to the multi-Toeplitz operator A := ip(r) —p m (rSx, . . . , rS^), 
we deduce that 

(2.13) \\h(tSi, . . - ,tS n ) -p m (rtSi, . . . ,rtS n )\\ < ||<p(r) -p m {rS\, ■ . -,rS n )\\ 

for any t G [0, 1). If Y := (Y 1 , . . . ,Y n ) G [B(H) n ] r , there exists t G (0, 1) such that -^Y G [B{H) n ]i. 
Due to the noncommutative von Neumann inequality, we have 



hi -Y u ...,-Y n ] - Pm (y 1 ,...,y n ) 



r 



< \\h(t Si, . . .,tS n ) -p m (t rSi, . . . ,t rS n )\\. 
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Hence and using (12.13|) . we obtain 

< \\ip(r) -p m (rSi, ■ ■ -,rS n )\\ 



hi -Y x ,...,-Y n ) - p m {Y u . . . ,Y n ) 



r r 



for any (Yi, . . . , Y n ) G [B(TL) n ] r . This implies that p m (Yi, . . . , Y n ) converges in the norm topology to 
h (^Yi, ■ • ■ , ^Y n ), as m — ► oo. Since p m (Yi, . . . ,Y n ) = P i Y [p m (rSi, . . . ,rS n )] and taking the limit in the 
operator norm, as m — > oo, we obtain h (-ij., ■ ■ ■ , -Y n J = Pi Y [<p(r)] for any (Yi, . . . , Y"„) S [^(Ti) 11 ]^. 
Hence, and using relation (|2.12p , we deduce that 



oo 

(2.14) Pivb(r)] = £ E B («)0")®^+^(o)(r)®/ + E E 4 (a)(r)®r Q 

fe=l |a|=fc fe=l |a|=fc 

for any (Yi, . . . , Y n ) G [-B(7Y)™] r . If r < t < 7, then, as above, one can show that 

00 00 

(2.15) Pj*fo>(*)]=E E B (a)(*)®^+A0)(*)® J + E; E 

fc=l |a|=fc fe=l |a|=ft 

for any (Z\, . . . , Z„) G [B(H) n ]t- On the other hand, due to relation (|2.10[) . Lemma [2.31 and the fact 
that <p(r) and <p(t) are in B{£) ® m i n B(F 2 (H n )), we deduce that 

Piyb(r)] = Piy (Pfsb(t)]) = Pirb(i)] 

for Y := (Yi,...,y„) G [£?(7i)™] r . Hence, using relations (|2.14[) . (|2.15p , and the uniqueness of free 
pluriharmonic functions, we deduce that B^ a \(r) = B^(t) for (3 G F+\{go}, and A^(r) — Ar a -\(t) for 
a G F+. Therefore, the coefficients do not depend on r G (0, 7), so we may set :— A^(r), a G F+, 
and i?( Q ) := B( a )(r), [3 G F+\{<7o}- Now, it is clear that the map v : [B(J-Cj n ] 1 — > B(£) ® m i n B(H) given 
by (|2.11|) is well-defined and 

oc OO 

v(x u ...,x n ) = j2 B (*) ®k+ A (o) ® / + E E A«) ® x « 

fe=l |a|=fc fc=l |a|=fe 

for any (Xi, . . . , JT„) G [i?(7i)™] 7 , where the series are convergent in the norm operator topology. There- 
fore, v is a free pluriharmonic function. Due to Theorem 1 1 . 21 f(r) = lim^i h(tS\, . . . ,tS n ). Since v is 
continuous on [B(H) n ] 7 , we have lim^i h(tS±, . . . , tS n ) — limt_>i v(rtSi, . . . , rtS n ) = v(rS±, . . . , rS n ). 
Consequently, we have ip{r) = v(rSi, . . . ,rS n ). This completes the proof. □ 

Now we obtain a Weierstrass type convergence theorem [7] for the vector space Har(B(H)™), 7 > 0, 
of all free pluriharmonic functions on the open unit ball [B(H.) n } 7 with coefficients in B(£). This enables 
us to introduce a metric on Har(B(H.)™) with respect to which it becomes a complete metric space. 

Given r G [0,7), denote by [B(H) n ]~ the noncommutative closed ball 

[B(H) n ]- :={(X 1 ,...,X n )&B{H) n : \\X x Xt + ■ ■ ■ + X n X*\\ x / 2 < r}. 

Assume now that H. is an infinite dimensional Hilbert space and recall that a free pluriharmonic function 
is uniquely determined by its representation Tt. 

Here is our version of Weierstrass theorem for free pluriharmonic functions. 

Theorem 2.5. Let {u m }m=i C Har(B(H.)™) , 7 > 0, be a sequence of free pluriharmonic functions 
which is uniformly convergent on any closed ball [B(7i) n ]~ , r G [0,7). Then there is a free pluriharmonic 
function u G Har{B{Ti)™) such that u rn converges to u on any closed ball [B(Tl) n ]~ . 

Proof. Since Ti. is infinite dimensional and due to the noncommutative von Neumann inequality, one 
can see that a sequence {« m }" =1 C Har(B(H)™) of free pluriharmonic functions converges uniformly 
on [B(Tl) n ]~ if and only if the sequence {u m (rSi, . . . ,rS n )}"^ =1 is convergent in the operator norm 
topology of B(£ ® F 2 (H n )). For each m G N, u m (rSx, . . . ,rS n ) is in A n (£)* + A n {£) and ip(r) := 

lim u m (rSx, ■ ■ ■ , rS n ) is in V n [£)* + V n {£)^ "• Since u m is free pluriharmonic and using the properties 
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of the Poisson transform, we have u m (rSi, . . . , rS n ) — Pr S [u m (tSi, . . . , tS n )) for < r < t < 7. Taking 
the limit as m — > 00, we obtain ip(r) = Pr.s [<£>(£)]. On the other hand, due to Theorem 12. 4[ we have 

(2.16) u m (X 1 ,...,X n )=P (rSi, . . .,rS n )] 

for any X :— [X\, . . . ,X n ) £ [B(H) n ] r and r £ (0,7). Since u m converges uniformly on there 
exists v(X) := lim m _, 00 u m (X). Now, relation (|2.16[) implies v(X) = P i x [(p(r)] for any X £ [B(Ti) n ] r 
and r £ (0,7). Applying again Theorem 12.41 we deduce that v is a free pluriharmonic function on 
[B(H)%. The proof is complete. □ 

Let C(B(H)™, B(£®Tt)) be the vector space of all continuous functions from the open noncommutative 
ball [B(H)% to B(£®H). Uf,g £ C{B(H)™,B(£ ®H)) and < r < 7, we define 

Pr(f,g)-= sup \\f(X 1 ,...,X n )-g(X 1 ,...,X n )\\. 

(X 1 ,...,x n )e[B(n)^]r 

Let < r m < 7 be such that {r m }m=i is an increasing sequence convergent to 7. For any functions 
f,g£ C{B{H)",B(£®H)), we define 

As in 35J, in the particular case when £ = C, one can prove that if {fk}^ = i and / are functions in 
C(-B(?i)™ B(£ <E> TCj), then ff. is convergent to / in the metric p if and only if //. — > / uniformly on 
any closed ball [B(H) n ]~ m , m — 1,2,.... Moreover, one can show that (C{B(7i)™, B{£ ® 7~C)), p) is a 
complete metric space. 

Theorem 2.6. (Har(B(H)™), p) is a complete metric space. 

Proof. Since Har{B(H)*) C C '{B , B {£ ® H)) and (C{B(H)*,B(£ ®H)), p) is a complete metric 
space, it is enough to show that (Har(B(H)™), p) is closed in (C(B(H)™,B(£ ®H)),p). Let {u k }^ =1 C 
Har(B(H)™) and u € C(B(H)™,B(£ ® 7i) be such that u) — > 0, as fc — > 00. Consequently, — > u 
uniformly on any closed ball , m = 1,2,.... Applying now Theorem 12.51 we deduce that 

u £ Har(B(H)^). This completes the proof of the theorem. □ 

We say that a free pluriharmonic function u is positive if any representation on a Hilbert space is 
positive, i.e., u{X\, . . . ,X n ) > for any {X\, . . . ,X n ) £ [B{fC) n ] 1 and any Hilbert space JC. Our next 
result is a Harnack type inequality for free pluriharmonic functions. 

Theorem 2.7. Ifu is a positive free pluriharmonic function on [B(Ti) n ] 1 with operator-valued coefficients 
and < r < 7, then 

\\ u (X 1 ,...,X n )\\<\\u(0)\\^^ for any (X u . . . , X n ) £ [B{H) n }~ . 

7 — r 

Proof. Any self-adjoint free pluriharmonic function on the noncommutative ball [B(TL) n ] 1 has a repre- 
sentation 

00 oc 

u(y 1: ...,Y n ) = Y,J2 A U® Y « + A (o) ® J +EE a m ® Ya 

fe=l \ a \=k fc=l \a\=k 

for (Yi, . . . , Y n ) £ [B(H) n } 7 . Due to Theorem^ if < r < 7 and X := (X l7 . . . , X n ) £ [B(H) n } r , then 

(2.17) u(X 1 ,...,X n )=Pi :X [u(rS 1 ,...,rS n )]. 

Notice that the map h : [B(H) n ]i — > -B(W) defined by /i(Zi, . . . , Z n ) := u(^Z\, . . . , 7-Z n ) is a positive free 
pluriharmonic function. Due to Theorem 3.1 from [36) (see also Lemma |8.1[) . we have 

1/2 



E A U A («) 

a\=k 



< l!^£ll for any k £ N. 
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Using this inequality and relation (12.17|) . we deduce that, for any (X%, . . . , X n ) 6 [B(H) n ] r , 



\u(X lt ...,X n )\\ < || U (r5 1) ...,r5 n )|| < |L4 (0 )||+2^ 

k=l 
1/2 



\a\=k 



1(0) 



•2 5>* 

fc=l 



|q| — 



< IU 



(0)1 



_*M(o)l 



k=l 



\A 



(0)1 



2 r 

1 + ^ 



1 - £ 

7 , 



1-4 



(0) 



7 + r 
7 — r ' 



which completes the proof. □ 
Now, we can obtain a Harnack type convergence theorem for free pluriharmonic functions. 

Theorem 2.8. Let {u rn }^ =1 be a sequence of free pluriharmonic functions on [_B(7i) n ] 7 with operator- 
valued coefficients such that {u m (0)}^ =1 is a convergent sequence in the operator norm and 

U\ <U2 < ■ ■ ■ . 

Then u m converges to a free pluriharmonic function on [B(Ti) n ] 7 . 

Proof. We may assume that u\ > (if not, consider the sequence {u m — tti}^ =1 ). If m > k, then, 
applying the Harnack type inequality of Theorem l2.7l to the positive free pluriharmonic function u m — Uk, 
we obtain 

\\u m (X) - u k (X)\\ < \\u m {0) - «*(0)H^tT 

7 — r 

for any X € [i?(7i) ,l ]~. Since {u m (0)} is convergent in the operator norm, we deduce that {u m }m=i is a 
uniformly Cauchy sequence on [B{7i) n ]~ . Applying Theorem l2.5[ we deduce that u m converges to a free 
pluriharmonic function on [B(7i)™] 7 . This completes the proof. □ 

We remark that if £ = C in Theorem 12.81 then it is enough to assume that the sequence {u m (0)} is 
bounded. 

The following result can be seen as a maximum (resp. minimum) principle for free pluriharmonic 
functions. 

Theorem 2.9. Let u : [B(7i) n ]~ f — * B(£ ) ® m in B{Ti) be a self-adjoint free pluriharmonic function with 
operator-valued coefficients satisfying either one of the following conditions: 

(i) u{X x , ...,X n )< u(0) for any (X u . . . ,X n ) e [B(H)%; 

(ii) u(Xx, ...,X n )> u(0) for any (X u . . . ,X n ) € [B(W) n ] 7 ; 

(iii) u(rSi, . . . , rSVi) < u(tSi, . . . , iS n ) /or some r,t £ [0, 7), r 7^ t. 

Then u — u(0). 

Proof. Assume that condition (i) holds. Since v :— u — u(0) is a positive free pluriharmonic function on 
[B(H) n ].y, we can apply Theorem 12.71 and deduce that v = 0. If (ii) holds, the proof is similar. 

Finally, if we assume that (iii) holds, then w(X\, . . . , X n ) :— u(tXi, . . . , tX n ) — u{rX\, ■ ■ . , rA„) is a 
positive free pluriharmonic function on [B(H) n ]i with iy(0) = 0. Applying again Theorem 1 2. 71 we deduce 
that w(X 1} . . . ,X n ) = for (X u . . . , X n ) e [B(H)"]i. Hence w^Si, . . . , jS n ) = for < 7 < 1, which 
implies u = u(0). □ 

In [35j . we developed a, free holomorphic functional calculus. Using those ideas, we can similarly prove 
that if 

OC OO 

f = J2J2 B (») ® z * a + A m ®i+YYl A«) ® z " 

fc=l |a|=fc k=l \ a \=k 

is a free pluriharmonic function on [B(H) n ]^ with coefficients in B{£ ) and (Ti, . . . , T„) G B(TL) n is any 
n-tuple of operators with joint spectral radius r(Ti, . . . , T n ) < 7, then /(Ti, . . . , T„) is a bounded linear 
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operator, where the corresponding series converge in norm. This provides a free pluriharmonic functional 
calculus, which turns out to be continuous as a map from the complete metric space (Har(B(H)™), p) to 
B(£ <g> Ti) with the operator norm topology. Since the proof of the next result is similar to the proof of 
Theorem 5.8 from [35] . we shall omit it. We denote by H arc(B (H)™) the set of all free pluriharmonic 
functions on [B(H) n ]i with scalar coefficients. 

Theorem 2.10. If T := (Tx, . . . ,T n ) 6 B{TL) n is any n-tuple of operators with joint spectral radius 
r(Ti, . . . , T n ) < 7 then the mapping $y : H arc(B (H)™) — ► B(H) defined by 

$ T {u) :=u(T 1 ,...,T n ) 

is a continuous linear map such that <&T{X a ) — T a and <&t{X*) — T* for any a £ F+. Moreover, $>t is 
uniquely determined by these conditions. 

3. Bounded free pluriharmonic functions 

In this section we characterize the set of all bounded free pluriharmonic functions on the noncommu- 
tative unit ball [B(Ti) n ]i and obtain a Fatou type result concerning their boundary behavior. 

A function u : [B(H) n ]i ->■ B(£ ® H) is called bounded if 

||w|| := sup \\u(Xi, . . . ,X n )\\ < oo. 

(X 1 ,...,X„)e[B(w)"] 1 

We say that a free pluriharmonic function is bounded if its representation on any Hilbert space is bounded. 
As we will see in the next result, it is enough to assume that the Hilbert space is separable and infinite 
dimensional. 

Let TC be an infinite dimensional Hilbert space and denote by Har°° (B(H.)i ) the set of all bounded 
free pluriharmonic functions on [B(H) n ]i with coefficients in B{£). For each m = 1, 2, . . ., we define the 
norms || ■ || m : M m (Har°°(B(H)^)) -> [0,oo) by setting 

||[Wy]m||m := SUp 1 1 [tiy ( j«f 1 , . . .,X n )] m \\, 

where the supremum is taken over all n-tuples {X\, . . . , X n ) 6 [B(H) n ]i. It is easy to see that the norms 
|| • || m , m = 1,2,..., determine an operator space structure on Har°°(B(H)i), in the sense of Ruan (see 
e.g. [13]). 

The main result of this section is the following characterization of bounded free pluriharmonic functions. 
Theorem 3.1. If u : [B(Ti) n ]i — * B{£) ® m in B(7i), then the following statements are equivalent: 

(i) u is a bounded free pluriharmonic function on [B(TL) n ]\; 

(ii) there exists f £ An(E)* + An(£) such that u(X) = P x [f] for X € [B(7^) n ]i. 
In this case, f = SOT- lim u{rS\, . . . , rS n ). Moreover, the map 

r— >1 

SOT 

$ : Har°°((B(H)i) -> A n (£)* + A n (£) defined by 

is a completely isometric isomorphism of operator spaces, where A n (£) := B(£ ) ® m in An and An is the 
noncommutative disc algebra. 

Proof. Assume that u is a bounded free pluriharmonic function on operatorial unit ball and let 

oo oo 

u(X 1 ,...,X n ) :=J2 X] B (a) ®X^+A (0) ®I + J2 Yl A {<*)® X * 

k—l \a\ — k k—l |q|— k 

be its representation on the Hilbert space Tt. According to Proposition 12.21 we deduce that, for any 
r € [0,1), u(rS\, . . . , rS n ) is in A n {£)* + A n {£)- One can show that u is bounded if and only if 
sup \\u(rSi, . . . , rS n )\\ < oo. Indeed, if (X\, . . . ,X n ) G [B(H) n ]i, then there exists r £ (0,1) such 

0<r<l 

that (i-Xi, . . . , ~X n ) S [B(H) n ]i. Since u(rSi, . . . , rS n ) G A n (£)* + A n (£ ), the noncommutative 
von Neumann inequality |25j implies ||m(Ai, . . . , X n )\\ < \\u(rSi, . . . , rS n )\\ ■ Hence, we deduce that 
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1 1 it 1 1 < sup 1 1 it (r Si, rS n ) \\ < oo. Since Ti. is infinite dimensional, the reverse inequality is obvious, 

0<r<l 

therefore, 

(3.1) H= sup || u (r5 ll ...,r5 n )||. 

0<T<1 

Now, due to Theorem 11.21 u(S\, . . . ,S n ) is the Fourier representation of a multi-Toeplitz operator / S 
B(£ (g> F 2 (H n )) and 

(3.2) / = SOT-limti(rS' 1 ,...,rS n ). 

r— *1 
-SOT 



Hence, we deduce that / e _4„(£)* + .4 n (£) . The next step is to prove that u(X) = Pxlf] for 
X G [B(H) n ]i- Since u r (<Si, . . . , S n ) := u(rSi, . . . ,rS n ) is in ,4„(£)* + „4„(£), we can use the properties 
of the noncommutative Poisson transform and deduce (first on polynomials of the form Yl\ a \<m ^(a) ® S<x) 
that 

(3.3) u r (X 1 ,...,X n )=P x [u r (S 1 ,...,S n )} = {h®K* x )[u r {S 1 ,...,S n )®I n ]{h®K x ) 

for any X := (Xi , . . . , X n ) € [-B(7i) n ] i . Taking into account that the map Y i— > Y ® / is SOT-continuous 
on bounded subsets of ® F 2 {H n )) and sup ||u r (5i, . . . , riS n )|| < oo, we can use relations (|3.2j) and 

0<r<l 

(13.31) to obtain 



(3.4) SOT-]imu r {X 1) ...,X n )=P x [f}. 

r— *1 

On the other hand, taking into account that u is a free pluriharmonic function on [B(H) n ]i, and hence 
continuous, we have SOT-lim r ^i u r (X\, . . . , X n ) = u(Xi, . . . , X„). Therefore, (i) =>■ (it). 

r SOT 



To prove that (ii) =>• (i), let / e + Ai(£) and define it : [B(H) n ]i -> 5(5) <gw„ 5(H) 

by setting w(X) := P^[/]. We show first that a is a pluriharmonic function. Notice that due to 
Corollarv ll.31 / is a multi-Toeplitz operator. Let <p(Si, ... , S n ) ■= J2T=i J2\ a \=k B( a ) ® S* + A( ) <8> I + 
Sfc°=i /C| Q |=fc ^O) ® be its Fourier representation. According to Theorem 11.21 ip(rSi, ■ ■ ■ , rS n ) is in 
Ai(£)* + A„(£) for any r e [0, 1), 

(3.5) sup \\ip(rSi,...,rS n )\\ = ||/||, and / = SOT- lim <p(rSi, . . . , rS n ). 

o<r<i 

Consequently, due to Proposition ^. 21 the map g : [B(H) n ]i — > B{£) ® m in B(H) defined by 

oo oc 

g{Xt, . . . , X n ) := J B (») ®K + Ao) ® j + Y.Y1 A (») ® X « 

fe=l ja|=fc fe=l|a|=fe 

is a free pluriharmonic function. Now, let us show that u — g. Since ip r (Sx, . . . , S n ) is in A n (£)* +A n (£) 
for any r £ [0,1), we have 

tp r {Xi, ...,X n ) = Px[tp r (Su S n )] = (h ® KZ)[tp r (S u . . . , S n ) <g> J«](/ f <g> 

As above, since the map V i— » y ® / is SOT-continuous on bounded subsets oi B(£ ® F 2 (H n )) and using 
relation (13. 5|) . we deduce that 

SOT- limw(*i,...,*n) = (/£®i^i)[/®/H](/£®^x)=u(Xi,...,X„). 

r— a-l 

On the other hand, since tp r (Xx, . . . , X„) = g(rXi, . . . , rX„) and due to the continuity of g on [B(H) n ]i, 
we have SOT- lim r _>i ip r (Xi, . . . , X„) = g(Xi, . . . , X„). Hence, and using relation (|3.4p . we obtain it = g. 
This completes the proof of the implication (ii) =>• (z). 

To prove the last part of the theorem, notice that if [ujj] m S M m (Har°° (B(TC)i) then, as above (see 
relation (|3.ip ~). one can show that || [■t%-] Tn || m = sup 0<r<1 1| [^(rSi, . . . ,rS' n )] rn ,|| and that the operators 
fij := SOT- lim Uij(rS\, . . . , rS n ) are multi-Toeplitz for i, j = 1, . . . , m. According to relation p.9[) . we 

r— *1 

have 

PsQF>(Bn)[(h ® f ® ^D.)(^e ® ^)]U®f=(h„) = ^(rSi, . . .,r5 n ), < r < 1. 
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Hence, we deduce that sup 0<r<1 ||[ity(rjSi, . . . ,r>S„)] m || < ||[/y] m ||- Moreover, since [fij] m is equal to 
SOT-\im r ^i[uij(rSi, . . . ,rS n )] m , we have equality in the above inequality. Therefore, the map $ is a 
completely isometric isomorphism of operator spaces. The proof is complete. □ 

Corollary 3.2. If u : [B(H) n ]i — > B(£ ) ® m in B(H) then the following statements are equivalent: 

(i) u is a bounded free pluriharmonic function; 

(ii) there is a bounded function if : [0, 1) — > V n (£)* + 7* n (£) ' " such that 

<p(r)=P iS [<p(t)] for 0<r<t<l, 

and u{Xt, . . .,X n ) = Pi X fo>(r)] for any X := (X u . . .,X n ) G [B(H) n ] r and r G (0, 1). 

Moreover, u and tp uniquely determine each other and satisfy the equation u(rS\, . . . ,rS n ) = <p(r) for 
re [0,1). 

Proof. Assume that u is a bounded free pluriharmonic function on [B(H) n ]i. According to Theo- 

SOT 

rem EH there exists / e A n (£)* + A n (£) such that u(X) = Px{f] for X G [B(H) n ]i and 
sup \\u(rSi, . . . ,rS n )\\ < oo. Setting cp(r) :— u(rSi, . . . , rS n ) = P r s[f] for r G [0,1), we obtain a 

0<r<l 

dl-ll 



function if : [0,1) -> V„(£ )* + V n {£ ) . Notice that u(rSi, . . . , rS n ) = Pr S [ u (tSi,...,tS n )}, which 
implies tp(r) = Pns[f(t)] for < r < t < 1. On the other hand, since u is free pluriharmonic, Theorem 
Elimplies u(Xi, !. . ,X n ) = Pk X [<p(r)] for any X := {X x , X n ) G [B(H) n ] r and r G (0, 1). Therefore, 
(ii) holds. 

Conversely, assume that condition (ii) holds. Using again Theorem 12.41 we deduce that the map 
u : [B(H) n ]i -> B{£) ® mm B(H) defined by u(X x , . . .,X n ) := P^^r)] for any X := (X u . . . ,X n ) G 
[B{TL) n ] r and r € (0, 1) is free pluriharmonic. Since tp is bounded, the relation above implies ||u|| < ||y||oo, 
which completes the proof. □ 



We can prove now the following Fatou type result concerning the boundary behavior of bounded free 
pluriharmonic functions. This also extends the i^-functional calculus for pure row contractions [26j . 
We recall that (Xi, . . . , X n ) G B(H) n is a pure n-tuple if J2\ a \=k X a X* — > 0, as k — > oo, in the strong 
operator topology. 

Theorem 3.3. Let u be a bounded free pluriharmonic function on [B{7i) n ]i with coefficients in B(£). If 
(X\, . . . , X n ) G [B(Ti) n \^ is a pure n-tuple of operators, then SOT-linv^i u{rX\, . . . , rX n ) exists. 

Proof. Since X := {X\, . . . , X n ) G [B(H) n ]i is a pure n-tuple of operators, the Poisson kernel Kx is an 
isometry andp(X x , . . . , X n ) = (I £ ®K x )\p(Si, S n )®I H ](h®K x ) for any polynomial p(Si, . . . ,S n ) G 
V n (£). Using the fact that u(rSi, . . . , rS„) G -4„(f )* + Ai(^) for r G [0, 1), we deduce that 

(3.6) u(rX 1 ,...,rX n ) = {I s ® K* x ){u{rS x , . . . , rS n ) ® ® K x ). 



SOT 



Due to the boundedness of it, Theorem 13. II implies SOT- lim u(rS%, . . . , rS n ) = f G A n {£ )* + 

r — »1 

and sup T . g r ||u(r5i, . . . , r>S„,) || < oo. Now, using relation (|3.6p . wc deduce that SOT- lim u(rXi, . . . , rX,,^ 
exists, which completes the proof. □ 



4. DlRICHLET EXTENSION PROBLEM FOR FREE PLURIHARMONIC FUNCTIONS 

In this section we solve the Dirichlet extension problem for the noncommutative ball [B(H) n ]i and 
obtain a version of the maximum principle for free pluriharmonic (resp. C*-harmonic) functions. 

We denote by Har c ((B(H)i) the set of all free pluriharmonic functions on [B(H) n ]i with operator- 
valued coefficients, which have continuous extensions (in the operator norm topology) to the closed ball 
[B(H) n ]i . Throughout this section we assume that H is an infinite dimensional Hilbert space. 

Theorem 4.1. If u : [B(H) n ]i — ► B{£) ® m in B(H), then the following statements are equivalent: 



22 



GELU POPESCU 



(i) u is a free pluriharmonic function on [B(TC) n ]\ which has a continuous extension (in the operator 
norm topology) to the closed ball [B(7i) n ]^ ; 

-II - II 



(ii) there exists f € A n (£)* + A n (£) such that u(X) = P x (f) for X € [B(H) n ]i; 

(iii) u is a free pluriharmonic function on [B(7i) n ]i such that u(rS\, . . . , rS n ) converges in the oper- 
ator norm topology, asr-> 1. 

In this case, f = lim u(rS\, . . . ,rS n ), where the convergence is in the operator norm. Moreover, the map 

r—*l 

$ : Har c (B(Ti)i) ~ * A n (£)* + A n (£) defined by <I>(it) := f is a completely isometric isomorphism 
of operator spaces, where A n (£) := B{£) ® m in An and A n is the noncommutative disc algebra. 

Proof. First we prove that (iii) (ii). Assume that u is a free pluriharmonic function on [B(TL) n ]i 

with coefficients in B(£) such that u(rS\, . . . ,rS n ) converges in the operator norm as r — * f. Using 
Proposition 12.21 we deduce that u(rS\, . . . ,rS n ) £ A n (£)* + A n (£) and, due to (iii), there exists / in 

A n (£)* + A n (£) " such that u(rSi, . . . ,rS n ) — > / in the operator norm topology as r — > 1. We recall 
that the noncommutative Poisson transform Px is defined by Px[/] :— (Is <£> K x )(f g> In)(Ie ® K x ), 
f £ B(£ (g) F 2 (H n )). On the other hand, since u(rS\, . . . ,rS n ) € A n {£)* +A n (£), one can prove (first on 
polynomials) that 

Px[u(rS u . . .,rS n )] = (I £ <g> K^)[u(rS u ...,rS n )® I H ](h ® K x ) = u(rX u . . .,rX n ) 

for any r £ [0, f) and X := (Xi, . . . ,X n ) £ [B(H) n ]i. Since u(rSi, . . . ,rS n ) — * / in the operator norm, 
we deduce that u(rX\, . . . ,rX n ) — > Px[/], as r — > f. Taking into account that any free pluriharmonic 
function is continuous, we have u(rX\, . . . , rX n ) — > u(Xi, . . . , X n ) in norm, as r — ► 1. Summing up the 
results above, we deduce that u(X\ . . . ,X n ) = Px[f] for X := (X\ . . . ,X n ) £ [B(H) n ]i, which proves 
(ii)- 

-11-11 



Now we prove the implication (ii) => (iii). Assume that / £ A n (£)* + A n (£) ■ Due to Corollary 
11.31 / is a multi-Toeplitz operator. Let X)| Q |>i ^(«) ® + Ao) ® I + S|q|>i A") ® be the Fourier 
representation of <p(S\, . . . , S n ). By Theorem 11.21 for each r £ [0, 1), the operator ip(rSi, . . . , rS n ) is in 
Ai(£)* + A n (£)- Now, we prove that 

(4.1) <p(rSi,...,rS n )=P rS [f], 

where rS := (rSi, . . . ,rS n ) and < r < 1. Let 7,/3 G F+ be fixed and q :— max{|/3|, |7|}, and define 
Qy,0 : = T,i<\a\< q B W) ®S* a + A {0) ® I + £i< H < 9 A ((T) <g S a . Notice that 

(P r <j[/](a; e 7 ), y e/3 ) = <(/ <8> I F 2 [Hn) )(I £ ® if r s)(a: O e 7 ), (7 £ # r <?)(y ® e^)) 

= ( £ /(a:®e a )® A rS r |Q| S*e 7 , ^ y <g> e w ® A rS r ]ui] S*e \ 

00 / 00 

= EE E E </(^®e Q ),y®e w )(A rS rl«l^e 7 ,A rS rl-l^ 

fc=0 |a|=fc \m=0 |tt)|=m 

q I q 

= EE E E (Q7,/3(^^e Q ),y(»e w )^A r sr |Q| ^e 7 ,A r sr |w| 5 ( :e^ 

fe=0 |a|=fc ym— m 
00 / 00 

= EE E E (QiAx®e a ),y®e^) (Arsr^S^e^Arsr^S^ep 

k=0 \a\ = k ym=0 \ui\=m 

= ((Q 7 ,/3 ® I F^(H n ))(x ® K rS (&y)), (y O K r s(ep))) 
= (P r s[Q 7 ,0}(x ® e 7 ), (y (g) e/3)) 
= ((^(rS 1 !, . . . ,rS" n )(a; ® e 7 ), y®ep) 

for any x,y £ £ and r y,f3£ F+. Consequently, relation (|4. 1 [) holds. 
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For any q G V n (£)* + V n (£), we have q = lim r ^i P r s[g] in the operator norm topology. Since 

/ G A n {£)* + A n (£)^ " using a standard approximation argument and the continuity in the operator 
norm of the noncommutative Poisson transform Px, we deduce that / = lim r ^i P r s[/]. Hence and 
using 1)4. ip . we have ip(rSi, . . . ,rS n ) -» /, as r -t 1, in the operator norm topology. Now, define 
u(X) := Px[.f] for A G [B(H) n ]i and note that Theorem 13. II (see also its proof) implies that u is a free 
pluriharmonic function and u(rSi, . . . , rS n ) = tp(rSi, ■ ■ ■ , rS n ). Therefore item (iii) follows. 

Since TL is infinite dimensional, the implication (i) =>• (iii) is obvious. It remains to prove that 

(ii) (i). Assume that / G A n {£ )* + AJ£ ) "'" and u{X) = P x [f] for X G [B(H) n } x . Due to 
Theorem 13. 11 u is a bounded free pluriharmonic function. As above, one can show that for any n-tuple 
Y := (Yi, . . . , Y n ) G [B(H) n ]i , u{Y\, . . . , Y n ) :— lim r ^i P r y [/] exists in the operator norm and, since 
||Pry[/]|| < H/lloo, H^i,...,^)!! < H/lloo for any {Y u ...,Y n ) G [P(W) n ]i". Notice also that u is an 
extension of the free pluriharmonic function u defined by u(X) :— P x [f\, A G [B(H) n ]i. Indeed, if 
(Ai, . . . , A„) G [B(H) n ]i, then 

tt(Ai, . . . , A„) = lim P r x[/] = lim u(rXi, . . . ,rX n ) = u{X x , . . . , X„). 

r — >1 r — >1 

The last equality is due to the continuity of free pluriharmonic functions. 

Now, let us prove that u : [B{H) n \^ — > B(£)® min B(1i.) is continuous. Since u(rSi, . . . , rS n ) converges 
in the operator norm to /, for any e > there exists ro G [0, 1) such that ||/ — it(ro<Si, . . . ,roS n )\\ < £■ 

Since f—u(roSi, . . . , roS n ) G A n {£)* + A n (£) " " , and using the properties of the noncommutative Poisson 
transform, we deduce the von Neumann type inequality 

(4.2) ||u(ri,... s r n )-«(roTi,...,n,T n )|| < ||/-«(r 5i,...,n,5 n )|| < e - 

for any (Ti,...,T n ) G [B(H) n ]i . Since u is a continuous function on [B(H) n ]i, there exists S > 
such that \\u(r Ti, . . . , r Q T n ) - u(r Yi, . . . , r y„)|| < f for any rt-tuples (Ti, . . . , T n ) and (Yi, . . . , Y n ) in 
[B(H) n ]i such that ||(Ti -Yi,...,T n - Y n )\\ < S. Hence, and using g2J), we have 

\\u(T!, ...,T n )- u(Yi, . . .,Y n )\\ < \\u(Ti, ...,T n ) - w(r Ti, . . . ,r T n )\\ 

+ \\u(r Ti, . . . ,r T„) - w(r Yi, . . . ,r Y n )\\ 

+ ||u(r Yi, . . . ,r Y n ) - u(Y u Y n )\\ < e, 

whenever ||(Ti — Y\, ...,T n — Y n )\\ < S. This proves the continuity of u on [B(TC) n ]^ . The last part of 
the theorem follows from Theorem 13. II This completes the proof. □ 

The proof of the next result is similar to the proof of Corollary 13.21 but one has to use Theorem 14.11 
We shall omit it. 

Corollary 4.2. If u : [B(H) n ]i — > B(£) ® m in B(7i) then the following statements are equivalent: 

(i) u is a free pluriharmonic function which has continuous extension to the closed ball [B(TL) n \^ ; 

(ii) there exists a continuous map ip : [0,1] -> V n {£)* +V n {£) such that 

<p(r)=P iS [(p(t)] for 0<r<t<l, 
and u(Xi, . . . , A„) = Pi. x [<p{r)] for any X G [B(H) n ] r and r G (0, 1]. 

Moreover, u and if uniquely determine each other and satisfy the equations u(rSi, . . . , rS n ) = ip(r) if 
r G [0, 1) and ip(l) = lim u(rSi, . . . ,rS n ), where the convergence is in the operator norm topology. 

r > 1 

In what follows we introduce the class of C* -harmonic functions on the noncommutative ball [B(TL)]i. 
Let ip : [0, 1) — ► B(£ ) ® m in C*(Si, ■ ■ ■ , S n ) be a map with the property that 

(4.3) <p(r) =Pr S [ip(t)] for0<r<t<l, 
and define the function u : [B(H) n ]i — > B(£) ® m i n B(H) by setting 

(4.4) u(Xi, . . . , A„) := Pi x [ip(r)} 
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for any X := (Xi, . . . , X„) E [B(H) n ) r and r E (0, 1). Notice that u is well-defined. Indeed, if < r < 
t < I and X 6 [£?(7i) n ] r , then, using relation (|4.3p and Lemma l2~3l we have 

Pi X ^(r)] - (Pi x o P fS )fo>(t)] = Pi x b(t)], 

which proves our assertion. The map u defined by (|4.4[) is called C* -harmonic function on [B(Ti) n ]i and 
</? is called the generating function of u. 

We remark that, according to Theorem l2.4[ any free pluriharmonic function is a C*-harmonic function, 
while the converse is not true. For instance, consider the function u(X\, . . . , X n ) := ^ Q „ gA A a ^<g>X a Xp, 
(Xi, . . . ,X n ) £ [BiH)* 1 }! where A is any finite subset of F+ and A aJi E B(£). 

Proposition 4.3. Let <p : [0, 1) — > B(£) ® m i n C*(Si, . . . , S n ) be a map satisfying relation (|4.3[) and let 

u be the C* -harmonic function generated by <p. Then the following statements hold: 

(i) tp is continuous on [0, 1) and ||v5(r)|| < ||y(i)|| for < r < t < 1; 

(ii) u is a bounded C* -harmonic function if and only if its generating function tp is bounded. 

Proof. Using the continuity of the noncommutative Berezin transform (see Theorem 12.11 part (ii)) and 
the fact that 

Mn) - f(r 2 )\\ = \\PL± s Mt)} ~ Pa s fe>(t)] 

for < T\ < r-i < t, we deduce that tp is continuous. On the other hand, we have ||Pii5[(p(t)]|| < ||<^(t)| 
for < r < t < 1, which proves the second part of (i). 

To prove (ii), assume that tp is bounded and sup rg j ^ _• M for some M > 0. Then, using 

relation (14. 4p . we deduce that 

\\u(X)\\ = \\p± x [tp(r)}\\<\\tp(r)\\<M 

for any X E [B(H) n ] r and r E (0, 1). Conversely, assume that u is a bounded C*-harmonic function. In 
particular, if H = F 2 (H n ), X = (rSi, . . . ,rS n ), and r < t < 1, then, due to relations (f4~3]) and ([474]) . 
we have <y?(r) = Pc S [yj(t)] = u(rSi, . . . ,rS n ). Hence, p is bounded on the interval [0, 1). The proof is 
complete. □ 

The following result is needed to solve the Dirichlet extension problem for C*-harmonic functions. 
Theorem 4.4. Let f E B{£) ® min C*(Si,..., S n ) and define u : [B(H) n ]i -► B(£) ® mm B(H) by 

u(X):=P x [f\, Xe[B(H) n ]i. 

Then 

(i) u has a continuous extension u to the closed ball [B(Ti) n ]i an< ^ the map 

$ : B(£) ® mm Cr(S lt ...,S n )^C {{B{H) n ]^,B{£ ® H)) , $(/) - u, 

is a complete linear isometry; 

(ii) u has the Poisson mean value property, i.e., 

u(X) = P± x [u{rS 1 ,...,rS n )} for any X E [B{H) n ] r and r € (0,1), 

and u(rSi, . . . , rS n ) E B(£) 2> m % n C*(Si, . . . , S n ) for r E [0, 1); 

(iii) sup \\u(X)\\ < sup \\u(X)\\ for < n < r 2 < 1; 

||X||=n \\X\\=r 2 

(iv) / = lim u(rSi, . . . , rS n ) in the operator norm topology and 



sup ||u(X)|| = sup \\u(X)\\ = lim \\u(rSi, ... ,rS n 
= sup \\u(rS u ...,rS n )\\ = ||/||; 

0<r<l 



(v) u is a free pluriharmonic function on [B(TL) n ]\ if and only if f E A n {£)* + A n (£) 



11-11 
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Proof. Similarly to the relation (|2.5|) . one can define u : [B(H) n } 1 — > B(£) <g>min B(H) by 

u(X) := limP rX [/], X S [B(W) n ]r, 

r— >1 

where the limit exists in the operator norm topology. Moreover, we have u(X) = u(X) for X 6 [B(H) n ]i- 
Now, we prove that u is continuous on [B(7i) n ]^~. Let e > and q be a polynomial of the form 

(4.5) q = q(Si,...,S n ):=^2C a ,p»S a S^, C aJJ e B(S ), 

such that |j/ — q\\ < |. Since — ?(X) = lim r _>i(P r x[/] ~ Pr-x [<?]), we deduce that 

(4-6) I|5(*)-9p0ll<l|/-«ll<f 

for any X e [B(H)% . Choose S > such that ||g(X) - g(Y)|| < f whenever X, Y e [B(H) n ]^ with 
|| X — Y\\ < 5. Consequently, 

\\u(X) - u(Y)\\ < \\u(X) - q(X)\\ + \\q(X) - q(Y)\\ + \\q(Y) - u(Y)\\ < e 

for any X, Y S [B(H) n ]i with ||X — Y\\ < 5. Therefore, u is continuous. Taking into account that H is 
infinite dimensional and using the noncommutative von Neumann inequality, relation (14. 6|) implies 

11/11 -~<IMI= ™p \\q(X)\\<U\\u(X)\\ 

o \\X\\<1 "3 

for any X 6 [B(H) n ]^. Hence, ||/|| < supy^N^ ||u(X)||. The reverse inequality is due to the fact that 
u(X) := linv-i frx[/]- Therefore, 

(4.7) ||/||= sup \\u(X)\\ = 

I!*ll<i 

Similarly, one can prove that |l[/y]m|| = ||[5t,-] m || for any matrix [fij] m € M m (B(£)® m i„C*(Si, . . . , S n )), 
which proves that the map $ is a complete isometry. This completes the proof of part (i) . 

Let us prove (ii). If r G [0, 1) then 

u(rS!,...,rS n ) = (Is O K r s)(f '® lF*{H n )){h ® K rS ), 

where rS := (rSi, ■ ■ ■ ,rS n ). Let {q m (Si, . . . , S n )}^ =1 be a sequence of polynomials of the form (|4.5|) 
such that q m (S\, . . . , S n ) — > f in the operator norm topology. Since 

(I £ <g> K* s )[q m (Si, ...,£„) <8> I F 2 {Hn) ](I £ ® K rS ) = q m (rS\, . . . , rS n ) 

is of the form (|4.5|) . we deduce that u(rSi, . . . , rSVi) e £?(£ ) ® m i n C*(S\, . . . , »!?„) for any r € [0, 1), and 

(4.8) lim(7 £ <g> K* rS )(f ® /f= ( h„))(^ ® #rs) = /, 

where the convergence is in the operator norm topology. Due to Lemma [2731 for any X S [B(H.) n ] r and 
r € (0, 1), we have 

u(A") = P X [/] = (Pi X o P rS )[f] = P^Kr^, . . . , rS«)], 

which proves (ii). 

To prove (iii), let < n < 7*2 < 1 and set r := Let us prove now that 

(4.9) (7 e ® iCsM^Si, . . .,r 2 S n ) ® 7 J r2 (i?n) ](Z £ ® # rS ) = u(r 1 5i J . . . , riS„). 
Indeed, notice that 

(J £ <g> X"; s )[u(r 2 5i, ■ ■ -,r 2 Sn) <8> I F 2 {Hn) ]{I £ ® K rS ) 

= (I £ <g> <g> if r * 2S )(/ (8 I F 2 (Hn) )(I £ <g> K r2S ) <g> / F 2 (Hti) ] (J £ ® K rS ) 

= lim (J fi <g> K; s ) [(Jg <g> iC 2S )(g m (Si, • • • »5 n ) ® I F HH n )){h ® ^r 2 s) ® ^(h b )1 (Xb ® ^rs) 

= lim (J f i^; 5 ) [gm^S'i, . . .,r 2 5 n ) ® ® ^rs) = lim q m (nSu ■ ■ ■ ,r x S n ) 

m—>-oo m—*oo 

= lim (Is (8 i^; iS ) [? m (5i, . . • , 5 n ) (8 J] (I £ ® AVisr) = (h ® K iS ) (/ ® I) (I £ ® K riS ) 
= w(ri5x 3 ■ • .,riS n ), 
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which proves our assertion. Since the Poisson kernel K r s is an isometry, relation (|4.9p implies 

(4.10) ||u(ri5i,...,n5 n )|| < ||u(r25i,...,ra5 n )||. 

Now, let X G B(H) n be such that < ||X|| = r < 1. For any polynomial of the form l|4.5[) . we have 
(I £ ®K x )(q®I n )(I e ®K x ) = lrm(/ £ ®if| A: ){[(/ £ 0ir* s )(g(g)/ F2(J?n) )(7 £ (g)ir r s)] 0®iG x ). 

Since -K^jf is an isometry, we obtain 

||(7 f ® J£)(g ® J w )(/ £ ® < ||(7 f ® K r * s )(g ® I F HH n ))(l£ ® ^rs)||. 

An approximation of / S B(£ ) ® m i n C*(S\, . . . , £„) with polynomials of the form (|4.5[) leads to 

||(J £ ® ® /«)(/£ ®K X )\\ < \\(I £ ® K; s )(f ® I F2{Hn) )(I £ ®K rS )\\, 

whence sup < \\u(rSi, . . . ,rS n )\\. On the other hand, since Ti. is infinite dimensional and 

||X||=r 

\\(rSi, . . . ,rS n )\\ = r, it is clear that sup ||it(X)|| > \\u(rSi, . . . ,rS n )\\. Therefore, sup ||m(X)|| = 

l|X||=r ||X||=r 

\\u(rSi, . . . ,rS n )\\ for any r € [0, 1). Combining this with inequality (|4.10p . we deduce item (iii). 
To prove (iv), notice that, due to (|4.8[) . 

(4.11) H/ll = lim||u(rSi,...,rS , n )||. 

r— >l 

Hence, using relations (|4.7j) . (|4.11[) . and the fact that H is infinite dimensional, we deduce that 
lim||u(rSi,...,rS n )|| = sup ||u(rSi, . . . , rS n )\\ = sup \\u{X)\\ = ||/||. 

Q<r<l \\X\\<1 

Now, due to the continuity of u, we deduce item (iv). Item (v) follows from (i) and Theorem 14.11 This 
completes the proof. □ 

Now, we can solve the following Dirichlct extension problem for C*-harmonic functions on the non- 
commutative ball [B(H) n ]i- 

Theorem 4.5. If u : [B(7i) n ]x — ► B(£) ®mm B(H), then the following statements are equivalent: 

(i) u is a C* -harmonic function which has a continuous extension to [B(Tt) n ]i ; 

(ii) there exists g in B(£) ® m i n C*(Si, . . . , S n ) such that 

u(Y) = P Y [g] for any Y G [B(H) n } i; 

(iii) there exists a continuous function (p : [0, 1] — > B(£) ® m in G*[S\, . . . , S n ) such that 

p(r)=P ffif fe>(t)] for 0<r <t< 1 
and u has the Poisson mean value property with respect to if, i.e., 

u(X) = Pi x [</>(r)] for X € [B{H) n ] r and r £ (0, 1]. 

Proof. The implication (ii) =>■ (iii) follows from Theorem 14.41 and Lemma 12.31 if we define the mapping 
<p : [0, 1] -» B{£) ® mm C*(Si, . . . ,S n ) by setting <p{r) := u(rSi, . . . , rS n ) = P r s[f] for r € [0, 1) and 
<p(l) := lim r ^i u(rSi, . . . ,rS n )- Conversely, assume that (iii) holds. Setting g :— ip(l), we have tp(r) = 
P r s[g] for r £ [0, 1) and, due to Lemma 12731 

u(X) = P± x [v(r)\ = Pix(P rS [ 5 ]) - Px[g] 

for any X e [B(H) n ] r and r E (0, 1). Therefore, item (ii) holds. 

The implication (ii) (i) follows from Theorem 14.41 and the implication (ii) =>• (iii). It remains 

to prove that (i) ==>• (ii). To this end, assume that (i) holds. Then there exists a function <p : [0, 1) — > 
B(£) ® m in C*(Si, . . .,S„,) such that ip(r) = P^ s [ip(t)} for < r < t < 1, and u(X) := Pi x [<p(t)] for 
X e [B(H) n } t and t e (0, 1). Consequently, if < r < t and X = (rS l7 . . . , rS n ), we deduce that 

u(rSi, . . . , rS n ) = P z S [(f(t)] = ip(r). 
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Since u has a continuous extension to the closed ball [B(F 2 (H n ) n ] 1 , we deduce that g := lim r _,.i ip(r) 
exists in the norm topology and it is in B(£) ® m j„ C*(Si, ■ ■ ■ , S n ). Let X £ [B(H) n ]i and let t £ (0, 1) 
be such that X £ [B(H) n ] r . Note that 



i(X)-P x [g)\\ = Pi x bW]-Pxb] 



< 



l -X L 



fo>(r)- 5 ] + P Lx [g]-P x [g} 



< y(r)-g\\+ PixW-Pxlg] 

Using the continuity of the noncommutativc Berezin transform (see Theorem 12.11 part (ii)) and taking 
i — * 1, we conclude that u(X) = Px[g], which proves item (ii). The proof is complete. □ 

A consequence of Theorem 14.41 and Theorem 14. 5 1 is the following version of the maximum principle for 
C*-harmonic functions. 

Corollary 4.6. Let u be a C* -harmonic function on [B(7i) n ]i with operator-valued coefficients and let 
r £ [0,1). Then 

sup ||upO|| = sup \\u(X)\\ = \\u(rS 1 ,...,rS n )\\. 



\\X\\<r 



X\\=r 



Moreover, if < r\ < r2 < 1, then sup ||it(X)|| < sup ||u(X)|| 

\\X\\=ri \\X\\=r 2 



5. NONCOMMUTATIVE TRANSFORMS: FANTAPPIE, HERGLOTZ, AND POISSON 

In this section, we introduce noncommutative versions of Fantappie, Herglotz, and Poisson transforms 
associated with completely bounded maps on the operator system 72* + lZ n (or B(F 2 (H n ))), where lZ n 
is the noncommutative disc algebra generated by the right creation operators R\, . . . , R n on F 2 (H n ) and 
the identity. These transforms are used to obtain characterizations for the set of all free holomorphic 
functions with positive real parts, and to study the geometric structure of the free pluriharmonic functions 
on [B(H) n ]i. 

Consider the operator space TV n + lZ n and regard M m (TZ^ + TZ n ) as a subspace of M m (B(F 2 (H n ))). 
Let M m (TZ^ + TZ n ) have the norm structure that it inherits from the (unique) norm structure on the 
C*-algebra M m (B(F 2 {H n ))). Let fi : Tl* n +K n -> B(£) be a completely bounded linear map. Then there 
exists a completely bounded linear map 

£ := fx ® / : (K* + K n ) ® mm B(H) -» B{£) ® mm B(H) 

such that Jl(f ® Y) = fi(f) ® Y for / £ TZ* n + TZ n and Y £ B(H). Moreover, \\Jl\\ cb = \\fi\\ cb and, if fi is 
completely positive, then so is fi. 

We introduce the noncommutative Fantappie transform of a completely bounded linear map /i : 
K* n + Tl n B{£) to be the map : [B{H) n ]i -> B{£) ® min B(H) defined by 

{TH){X X , ...,!„):= fi[(I -R* 1 ®X 1 R* n <g X^ 1 } 

for (Xi, . . . , X n ) £ [B(H) n ]i. Notice that the noncommutative Fantappie transform is a linear map and 
Tfi is a free holomorphic function in the open unit ball [B(H) n ]i with coefficients in B(£). 

If /i is a completely positive linear map on the operator system 72.* +TZ n , we define the noncommutative 
Herglotz transform H/j, : [B{H) n ] x -> B{£) ® mm B{H) by 

(Hfx){X u X n ) := fi[2{I -R\®X 1 R* n ® X^ 1 - I}. 

We introduce now the noncommutative Poisson transform of a completely bounded linear map fi : 
K* n + K n -► B{£) to be the map Vfi : [B(H) n ]i -> B{£) mm B{H) defined by 

(V fJ ,)(X 1 ,...,X n ) :=fl[P(R,X)}, X := {X u ...,X n ) £ [B(H) n ]u 

where the free pluriharmonic Poisson kernel P(R,X) is defined by 

oo oo 

(5.1) P(R,X):=J2 R*®X* a +I + J2 E *&® X ch 

k—1 |a|=fc k—1 |a|=fe 
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where the convergence is in the operator norm topology of B(F 2 (H n ) ® H) and R :— (Rx, . . . ,R n ) is the 
n-tuple of right creation operators. Due to the continuity of fx in the operator norm and Proposition ^. 2\ 
the Poisson transform V\i is a free pluriharmonic function on [B(H) n ]x with coefficients in B(£). 

Proposition 5.1. Let fi : 72-* + 1Z„ — > B(£) be a completely bounded linear map. The following 
statements hold. 

(i) The map X i— > P(R,X) is a positive pluriharmonic function on [B(H) n ]x with coefficients in 
B(F 2 (H n )) and has the factorization P{X,R) = B* X B X , X e [B(H) n ] x , where 

B x := (7 ® A x )(/ - i?i ® X? i?„ ® A^)" 1 

«W A x := AVQ) 1/2 - 

(ii) TTie Poisson transform V ll coincides with the Berezin transform B^(I, ■ ). 

(iii) If ll is a positive linear map, then V\i is positive on [B(H) n ]x. 

Proof. Denote Rx ■— Ri ® X* H h R n ® X*. Since = % J, i, j = 1, . . . , n, and using (15. we 

have 

P(R, X) = (I- Rx)- 1 - I + (J - i?^)- 1 

= (7 - i?^)- 1 [/ - J?x - (7 - - + J - R* x ] (I - Rx)' 1 

= (7 - i^)- 1 [7 <g> (7 - XxX* X n X*)} (I - Rx)- 1 = B* X B X . 

Consequently, P(R,X) > for any X 6 [_B(7i)"]i. Using now the definition of the Berezin transform 
3^(1, ■ ), we have 

B P (J, X) = Jl(B* x B x ) = At(P(i2, X)) = (T»(A), 
which proves our assertion. Part (iii) is now obvious. □ 

We need a few notations. Assume that 77. is an infinite dimensional Hilbert space. We denote by 
M + (B(H)'i) the set of all free holomorphic functions on the noncommutative ball [B(H) n ]i with coef- 
ficients in B(£), that can be represented as noncommutative Herglotz transforms of completely positive 
linear maps /i : Vf n +1Z n — > B(£), up to a constant, that is, an operator of the form ilm A(S> J, A 6 B(£). 
The set of all free holomorphic functions u on [7?(7i) n ]i with positive real part, i.e., Keu(Xi, . . . , X n ) > 
for any (A 1; . . . , X„) e [B(H) n ] x , is denoted by Hol + (B(H)1). 

An operator- valued positive semidefinite kernel on the free semigroup F+ is a map K : F+ x F+ —>£?(£) 
with the property that for each k G N, for each choice of vectors hi, . . . ,hk in £, and ui, . . . , <7fc in E the 

k 

inequality ^ (K(o~i,o~j)hj,hi) > holds. Such a kernel is called multi-Toeplitz if it has the following 
properties: K(go,go) = Ig, (go is the neutral element in F+) and 

{K(a\iUJ,g a ) iicr>iLU 
K(g ,uj\ia) iiuj>ia 
otherwise 

(see Section 1 for notations). We denote by S + (B(H.)\ l ) the positive Schur class of free holomorphic 
functions <f> on [B(H) n ]i with coefficients in B(£) such that the kernel : F+ x F+ — > 7?(£ ) defined by 



f A*- 



(5.2) 



TT^ (a, (3) 



A 



CAl«) 
(0) 



(0) 



if /? >; a 
if a = /3 
if a >; 
otherwise, 



is positive semi-definite, where 7 is the reverse of 7 £ F+ and <fi has the representation <j)(Xi, . . . , X n ) = 



k=Q 2-f|a| 



x a . 



The main result of this section is the following. 
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Theorem 5.2. Hol+(B(H)^) = S+(B(H)^) = M+(B(H)1). 

Proof. Let / be in Hol(B(H)i) and have the representation f(Xi, . . . , X n ) := Xfclo Y^\ a \=k A") ® X a - 
For each r € [0, 1), define the multi-Toeplitz operator (with respect to Si, ■ ■ ■ , S n ) 

(5.3) ^ : = E E 2 A * Q ) ® r ' a|jR: + 2 (A(0) + A (0)) ® 7 + E E 2 A ( Q ) ® r ' Q,iiQ - 

fc=l |a|=fe ~ fe=l |«|=fc 

Due to the properties of the Poisson transform and the fact that H is infinite dimensional, we can 
prove that Re f(X u . . . , X n ) > on [B(H) n ]i if and only if A r > for any r G [0,1). Indeed, for 
each X := (X 1 ,...,X n ) G [B(7i)"]i, let r G [0,1) such that \\X\\ < r. Then, due to TheoremOOD we 
have Re f(X 1 , . . . , X n ) = Pi x [A r ]. Consequently, if A r > 0, then Re/(X X , . . . , X n ) > 0. The other 
implication is obvious due to the fact that 7i is infinite dimensional. 

Now, we prove that Hol+(B(H)^) C S + (B(H)%). Assume that / is in Hol+{B(H)^) and define, for 
each r G [0, 1), the kernel K f>r : ¥+ x F+ -> 5(5) by 



(5.4) 



K ftr (a,l3) : 



= < 



Note that if {ft/?}^!^ C 5, then 



f I r l/3\i«l,4*_ if/3> /a 

i(A (0) +A* Q) ) ifa = /3 

I r |a\i/3|^ . ;f a > Q 

2 1 (a\i/3) " ^ Z P 

otherwise. 



E E ® r^R a \ h P ® e /3 > E ^ 



v fc=l |a|=fe 
oc / 

E E ( E 4«>* 

fc=l |ce|=fe \|j8|<g 



J/3|<9 



(X) r' a 'i? Q e^j, 2J ' l 



|tI<8 



-y *^ 7 



E ^(a^,,^ 

7>ft \0\,h\<q 

Similar calculations reveal that 



M<« / QGF+\{ 90 } |/9|,|7l<8 

£ 2(K f Al,P)h ,h 7 ). 

7>/3; |/3|,|7|<g 



K k=l \a\=k 

Therefore, we obtain 



vl/9|<9 



M<« I 0>T, |/3|,M<9 



A r hp ® ep 

J/3|<9 



, y^ /i 7 (8 e 7 

M<9 / 



I0|.M<« 



7/ ' 



where the operator A r is defined by relation (|5.3[) and -K/,r is defined by (|5.4p . Since A r > for r G [0, 1), 
we deduce that [Kf tr (a, P)]\ a i i^i <g > for any r G [0,1). Taking i — * 1, we obtain [Iff^a, /?)],, i^i <g > 
0. Therefore, / G S+ {B{H)f). 

Now, we prove that S+{B{H) r {) C M+(B{H)f). Assume that / G S + (B(H)^). Since the kernel 
is positive semidefmite, so is the kernel K e f t i, e > 0, defined by 

K eJA (a,f3) := (D + el)" 1 / 2 [Jf/,i(a,/9) + ed af3 I] (D + eiy 1 ' 2 , a,f3 G F+ 

where Do := 5(^(0) + ^(o))- Now, since i£e,/,i is a positive semidefinite multi-Toeplitz kernel which is 
normalized, i.e., K e j^i(go, go) = I, we can apply Theorem 3.1 of [29 and deduce that there is a completely 
positive linear map fi e : C*(Ri, . . . , R n ) — > B(£) such that fi e (R a ) = K e j t i(go, a), a € F+. The linear 
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map v t : C*(Ri, . . . , R n ) — > B(£) defined by u e (g) = (Do + el) 1 / 2 fj, e (g)(Do + el) 1 / 2 is completely positive 
and has the property that 

v e (R a ) = ^A* (s) if \a\ > 1 and u e (I) = ^(A (0) + A* (0) ) + el. 

Setting /i(i? Q ) :— 5^(5) if M > 1, and M-0 = 5(^(0) + ^(o))) one can easily see that 

^(g)=^(9) + e(g(l),l)I for g e C* (R 1 , . . . , R n ). 

Since v e (g) — * fJ-(g), as e — > 0, we deduce that /j is a completely positive linear map. Now, using the 
definition of the noncommutative Herglotz transform, we have 

(fffi)Ui X n ) = 2(^)(X, X n )-it(I)®l 

fc=0|a|=fe ^ / 

= f(X 1 ,...,X n )-i(Imf(0))®I. 

Therefore, / S M+(B(H) 1 l). 

Let us prove now that M + (B(H)i) C Hol + (B(H)i). To this end, assume that ip = Hfj, for some 
completely positive linear map fj, : C*(Ri, . . . , R n ) — > B(£). Notice that 

^(L P (X 1 ,...,X n ) + tp(X 1 ,...,X n )*) 

= ji[(I - R!®X* R n <Z> X*)- 1 -I+(I-R$®X! R* n <g> X,,)- 1 ] = /I[P(i2, JT)], 

where P(R,X) is defined by (|5.1[) . Applying Proposition [5J] we deduce that Reip > 0. This completes 
the proof. □ 

As a consequence of Theorem 15.21 (see also the proof), we obtain the following noncommutative 
Herglotz-Riesz representation for free holomorphic functions with positive real parts on the noncom- 
mutative ball [B{H) n ] 1. 

Theorem 5.3. Let f : [B(7i) n ]i —* B(£) ® m in B(H) be a free holomorphic function with Re / > on 
[B(H) n }i. Then 

f(X u ...,X n ) = J1[2(I -Rl®X! R* <g> X„)- 1 - I] + i(Im/(0)) <g> 7 

for some completely positive linear map /1 on the Cuntz-Toeplitz algebra C*(R\, . . . , R n ). 

Proof. Use the proof of Theorem 15.21 and apply Arveson's extension theorem pQ. □ 

The following result is a Naimark ([115]) type theorem concerning the geometric structure of Hol + (B(T-L) r {). 

Theorem 5.4. A free holomorphic function f on [B(Tt) n ]i with coefficients in B(£) has positive real 
part if and only if there exists an n-tuple of isometries (Vi, . . . , V n ) on a Hilbert space JC, with orthogonal 
ranges, and a bounded operator W : £ — ► K, such that 

/(Xi, ...,X n ) = (W*® I) [2(1 - V? <8 X x V* ® X^- 1 - I] (W ® I) + i(Im/(0)) ® 7. 

Proof. According to Theorem l5.21 / is in Hol + (B(Tt)™) if and only if it has the representation 

(5.5) f(X u ...,X n ) = J1[2(I -Rl®Xi R* n <g> X„)- 1 - 7] + i(Im/(0)) <g> I 

for some completely positive linear map /1 on the Cuntz-Toeplitz algebra C*(R\, . . . , R n ) with values 
in B(£). On the other hand, due to Stinespring's representation theorem (see [43 J, /1 is a completely 
positive linear map on C* (R\, . . . , R n ) if and only if there is a Hilbert space /C, a ^-representation 
7T : C*(i?i, . . . ,Rn) -> B(JC), and a bounded operator : £ /C with ||^(/)|| = || H/|| 2 such that fi(g) = 
W*n(g)W , g € C*(Ri, . . . ,i?„). Notice that := ir(Ri), i = 1, . . . ,n, are isometries with orthogonal 
ranges, and any ^-representation of C*(Ri, . . . , R n ) is generated by n isometries with orthogonal ranges. 
Hence and using (|5.5[) . we find the required form for /. This completes the proof. □ 
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Corollary 5.5. The map fi t— ► Vfx is a linear and one-to-one correspondence between the space of 
all completely positive linear maps on the operator system 1Z* n + !Z n and the space of all positive free 
pluriharmonic functions on the open noncommutative ball [B(H) n )i. In particular, any positive free 
pluriharmonic function on [B(H) n ]i is the Poisson transform of a completely positive linear map on the 
Cuntz-Toeplitz algebra C*(R\, . . . , R n ). 

Proof. The first part follows from Theorem 15.21 (see the proof) and the fact that any positive free pluri- 
harmonic function has the form Re / for some free holomorphic function /. The second part is also due 
to Theorem 15.21 and Arveson's extension theorem. □ 

Corollary 5.6. A free pluriharmonic function h on [B(H) n ]i with coefficients in B{£) is positive if and 
only if there exists an n-tuple of isometries (V\, . . . ,V n ) on a Hilbert space K,, with orthogonal ranges, 
and a bounded operator W : £ — ► K, such that 

h(X u . . . , X n ) = (W* ® 7) [B X {V U V n )*B x (V u V n )\ (W ® I), 

where B X {V U V n ) := {I ® A X )(I - V 1 ® X* V n ® X*)~\ 

Proof. By Corollary 15 . 51 h is a positive free pluriharmonic function if and only if there is a completely 
positive map fj, : G*(R\, . . . , R n ) — * B(£ ) such that h — V[i. Using Proposition [5T] we deduce that 

h(X 1 ,...,X n )=]l(B x B x ), X := (X u ...,X n ) e [B(H) n ] 1 , 

where B x is defined by (|2.2p . Now, the proof is similar to the proof of Theorem 15.41 □ 

Using Theorem 15.21 we can recast some of the results from [27] and [37j to our setting. More pre- 
cisely, we can deduce the following Fejer type factorization result and Fejer and Egervary-Szazs type 
inequalities (see [M], [15]) for the moments of a positive linear functional on the Cuntz-Toeplitz algebra 
C*(i?i, . . . , Rn). 

Theorem 5.7. Let fi : C* (R\, . . . , R n ) — > C be a positive linear functional with fi(R a ) = for any 
a € F+, |a| > m. Then 

(i) there exists a polynomial p(Si, . . . , S n ) in the noncommutative disc algebra A n such that 

(Vfi)(X) = P x [p(S 1 ,...,S n r P (S 1 ,...,S n )<E>I H }, Xe[B{H) n ] x . 

(ii) 

f E i/Wi 2 

\|a|=fe 

for 1 < k < m — 1, where [x] denotes the integer part of x. 

Proof. Since \x is a positive linear functional, Corollary 15.51 shows that the Poisson transform V\i is a 
positive free pluriharmonic function on [B(H) n ]i. Taking into account that fi(R a ) = for any a € F+, 
|a| > m, we have 

(P/i)(Xl, ...,X n )= E +Ci 0+ aaXa > 

l<|a|<m — 1 l<|a|<m— 1 

where a = fi(I) and a a = n(R~) for 1 < |a| < m - 1. Notice that q(S*,S) := {V^){Si, . .. , S n ) is a 
positive multi-Toeplitz operator with respect to the right creation operators. The Fejer type factorization 
theorem from [27| implies the existence of a polynomial p(S±, . . . , S n ) such that 

q(S*,S) = p(Si, . . . , S n )*p(Si, S n ). 

On the other hand, using the noncommutative Poisson transform P x , we have 

(Vn){Xi, . . .,X n ) = P x [q(S*,S) ® I n ], X:=(X 1 ,..., X n ) e [B{H) n ]x. 

Combining these equalities we deduce part (i). Part (ii) follows from Theorem 8.3 from [37] applied to 
the positive multi-Toeplitz operator q(S* , S). The proof is complete. □ 



/ ^ 



< n{I) cos ■ 
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6. The Banach space Har 1 (B{H)'?) 



In this section we characterize those free pluriharmonic function which are noncommutative Poisson 
transforms of completely bounded linear maps on the operator system 72* + 72„, and those self-adjoint 
free pluriharmonic functions which admit Jordan type decompositions. 

Throughout this section, we assume that £ is a separable Hilbert space. Let h be a free pluriharmonic 
function on the noncommutative ball [B(H) n ]i with operator-valued coefficients in B(£), and let r : 
B(F 2 (H n )) — > C be the bounded linear functional defined by r(/) = (/(1),1). The radial function 
associated with h, 

[0, l)3rn h(rR u . . .,rRn) G TZ n (£)* + TZ„{£), 

generates a family {^i, r }re[o,i) of completely bounded linear maps Vh.r ■ 72* + ^2n ~~ * B{£) uniquely 
determined by the equations 

v h , r {Rl) := {id® t)[(I ® R* a )h(rR u ... ^Rn)} , a G F+ 

VhriRs) (S&®T)[h{rR 1 ,...,rR n ){I®R a )], a G F+\{ 3o }. 

Indeed, let q be a polynomial of the form 

(6.1) q := ^ c aR*s+ X] daRs " c a ,d a eC, 

l<|c*|<?™ |a|<m 

and notice that 



VhAl) = (id® t) 



I® c a R* a ] h(rR 1 ,... 1 rR n ) 

1< |a| <m 



(id ® r) 



h(rR l ,...,rR n ) [ I® ^ d Q i? Q 

|a| <m 



= (id® r) [(/ ® q)h(rR 1 , . . . ,ri?„)] - (id ® r)[d h{rR ll . . . ,ri? n )] + (id® r) [/i(ri?i, . . . ,rR n )(I (g> q)} 

Hence, we deduce that 

IKr(g)|| < (2\\q\\ + \d \)\\h(rR 1 ,...,rR n )\\ < 3||g||||&(rJZi,...,r.R n )||- 

Since 72* + 72„ is the norm closure of polynomials of the form (|6.1[) and passing to matrices over 72* + 72 n , 
one can deduce that 

II WhAfijM < 3|| [/y]fe|| ||/i(nRi, . . . , ri?„)|| for any \f tj ] k G M k (K* n + TZ n ), keN. 
Consequently, i//, r is a completely bounded map for each r G [0, 1). 

Lemma 6.1. Let fi : 72* + 72 rl — > 73(£) 6e a completely bounded linear map. For each r G [0,1], define 
the linear map (i r : 72.* + 72„ —> B(£) by 

lir(Ra) :=rW»(R a ), a G F+, and ^(fl*) := r-l « I ) , a G F+\{ 5o }- 

TTien 

(i) /i r is a completely bounded linear map; 

(ii) fJ> r (f) M/) * n ^ e operator topology, as r — > 1; 

(iii) ||/x|| c 6 = sup ||/ir||c6 = lim llMrlU- 



0<r<l 



r— >1 



Proof. Using the noncommutative von Neumann inequality, one can prove that \\^ ri \\ < ||A 1 r 2 || f° r < 
f"i < T2 < 1. Indeed, if p(Ri, . . . , i?„) and q(-Ri, . . . , R n ) are polynomials in 72„, then we have 

llMnteORi, • • • , #«)* + p(iJi, • ■ • , i?«))ll = ||/i(g(riiJi, . . . , nRn)* + pfaRx, nRn))\\ 



Pr 2 I 1 — -Rl) ■• •) — Rn ) +P — Rl, ■ ■ ■ , — Rn 



r-2 



r-2 



r-2 



r-2 



< \\iJ^\\\\q(R 1 ,...,R n y+p(R 1 ,...,R n ))\\, 

which proves our assertion. In particular, we have |/i r | < ||/ij| for any r G [0,1). Similarly, passing to 
matrices over 72* + 72 ra , one can show that ||Mri||cfe < llMr 2 ||c6 if < r\ < < 1, and ||/i r || c b < ||/-t||c6 for 
any r G [0, 1). An approximation argument shows that fi r (A) — > fi(A) in the operator norm topology, as 
r — > 1, for any A G 72* + 72 n . Now, one can easily see that ||/i|| c fc = sup 0<r<1 ||// r ||ci>- Hence and using 
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the fact that the function r t— ► ||/x r || c i> is increasing, we deduce that the limit lim r ^i ||/x r || c i> exists and it 
is equal to ||/z|| c fc- This completes the proof. □ 

Theorem 6.2. Let h be a free pluriharmonic function on [B(H) n ]i with operator-valued coefficients in 
B(£). Then the following statements are equivalent: 

(i) there exists a completely bounded linear map fx : C*(R%, . . . , R n ) — ► B(£ ) such that h = V/i; 

(ii) the completely bounded linear maps {yh,r}r£[0,l)> associate with the radial function of h, are 
uniformly bounded, i.e., sup ||i / / ll r||c& < 00/ 

0<r<l 

(iii) there exist positive free pluriharmonic functions h\,hi,h-$,h^ on [B{TL) n ]i with coefficients in 
B(£) such that 

h = (hi - ft 2 ) + i(h 3 - hi). 

Proof. Assume that (i) holds. Since h and V\i are free holomorphic functions on [B(H) n ]i, we deduce 
that h has the representation 

oc oc 

h(Xi, . . . , x n ) = J2 ® x « + ® 1 + Yl Xc " 

fc=0|a|=fc k=0\a\=k 

where A {a) := fJ.(R* {5) ), a G F+, and B (a) := n(R( 5) ), a G F+\{ 5o }. Notice that v h;r (R a ) = r\ a \^(R a ), 
a G F+, and Vh,r(R* a ) = rl a '/i(i?*), a G F+\{g }- Applying Lemma RTT1 to {^, r }, we deduce item (ii). 

Now, we prove the implication (ii) =>• (i). To this end, assume that ft is a free pluriharmonic 
function on [B(H) n ]i with coefficients in B(£) and condition (ii) holds. Let {fj} be a countable dense 
subset of 72* + 72 n (for instance, consider all "noncommutative trigonometric polynomials" of the form 
J2\a\<m c a-R-a+J2\ a \<m daRa, whose coefficients lie in some countable dense subset of the complex plane). 
For each j, we have \\vh,r(fj)\\ < M\\fj\\ for any r G [0, f), where M := sup < r<1 H^rlU- 

Due to Banach-Alaoglu theorem, the ball [B{£ )]^ is compact in the w*-topology. Since £ is a separable 
Hilbert space, [B(£)\^j is a metric space in the u>*-topology which coincides with the weak operator 
topology on [B(£ )]~j^- Consequently, the diagonal process guarantees the existence of a sequence {r m }^ =1 
such that r m — > f and WOT-lim„ w i Vh,r m (fj) exists for each fj. Fix / G 72* +72 n and x, y G £ and let us 
prove that {{vh,r m {f)x, y)}m=i i s a Cauchy sequence. Let e > and choose fj so that — /|| < pjirarra- 
Now, we choose N so that | ((vh.r m (fj) — v h,r k (fj))x, y) \ < | for any m,k > N. Due to the fact that 

I ((Vh,r m {f) - V h,r k (f))x,y) I < I ((V h ,r m (f - fj)x,y) I + I (K,r m (/j) - V h ^ k (fj))x lV ) \ 

+ I ( v h,r h (fj - f)x,y) I 

< 2M||x||||tf||||/- /,-H + I ((Vh,r m (fi) - Vh,r k (fj))x,y) I 

we deduce that | {(i>h,r m (f) ~ v h,r h (f))x,y) \ < e for m, fc > AT. Therefore, we deduce that b(x,y) :— 
limTO-joo (vh,r m (f)x, y) exists for any x,y G £ and defines a functional 6 : £ x £ — > C which is linear in 
the first variable and conjugate linear in the second. Moreover, we have \b(x,y)\ < M||/|| ||x|| ||y|| for any 
x, y G £. Due to Riesz representation theorem, there exists a unique bounded linear operator B(£), which 
we denote by v(f), such that b(x,y) — (v(f)x,y) for x,y G £. Therefore, v(f) = WOT-linv m ^i Vh,r m (f) 
for any / G 72* + 72„, and ||f (/)ll < M||/||. Notice that v : 72* + 72„ — > B(£) is a bounded linear map 
with \\u\\ < M. Moreover, v is a completely bounded map. Indeed, if [fij} m is an ra x m matrix over 
72* +72„, then K/y)]™ = WOT- lim rfc ^i[ 

v h,r k (fij)]m- Hence, II [^(/zj )] m || < M || [/ij] m || for all m, and so 
IMIch < M. Notice that, in particular, we have v(R~) = Ar a \, a G F+, and v(Rs) = Br a \, a G F+\{g }, 
where {j4( q )} and {B^} are the coefficients of h. According to Wittstok's extension theorem [37], there 
exists a completely bounded linear map \i : C*(Ri, . . . , R n ) — > C such that n(R~) = A^, a G F+, and 
(i>(Ra) — B( a ), a G F+\{<7o} and such that ||/u|| = ||^||. Consequently, ft, = T 5 ^ and item (ii) holds. 

To prove the implication (i) (iii), we apply Wittstock's decomposition theorem [3S] to the com- 
pletely bounded linear map /i : C*(R\, . . . , R n ) — > B(£). Thus /i has a decomposition of the form 

/i = (/ii - // 2 ) + «(A*3 - M4) 
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where [i\,ix 2 , M3, /J4 are completely positive linear maps on C*(i?i, . . . , R n ) with values in B(£). Due to 
the linearity of the noncommutative Poisson transform, we have h — (VfJ-i — V/j, 2 ) + i(V '^3 — Vjii). Since 
{Vfij)(X) = ]l.j[P(R,X)], j = 1, ...,4 and, due to Proposition O P{R,X) > for X e [B(H) n ]i, we 
deduce that V^j, j = 1, .. .,4, are positive free pluriharmonic functions. Hence we deduce (iii). 

It remains to show that (iii) => (i). To this end, we assume that (iii) holds. Applying Corollary 15.51 
to the positive free holomorphic functions hi, h 2 , h 3 , /14, we find ^1,^-2,^3,^4, some completely positive 
linear maps on C* (R\, ■ ■ ■ , R n ) with values in B{£), such that h s = V/j, s for s = 1, ...,4. Setting 
/i := (/ii — 112) + «(M3 — ^4) an< i using item (iii), we deduce that h = Vfj,. This completes the proof. □ 

We remark that, due to Theorem 16. 21 the map fi 1— > T 3 /^ is a linear one-to-one correspondence between 
the set of all completely bounded linear maps on 72* + 72 n and the set 

{(ui - it 2 ) + i(u3 - u 4 ) : Uj > 0, Uj £ Har(B(H)i )}. 

Using again Theorem l6 . 21 and the Jordan type decomposition for selfadjoint completely bounded linear 
maps on C*-algebras (see [20]), one can easily deduce the following result. 

Corollary 6.3. Let u be a selfadjoint free pluriharmonic function on [B(H) n ]i with coefficients in B{£). 
Then the following statements are equivalent: 

(i) u admits a Jordan decomposition u = u + — u_, where u + and it_ are positive free pluriharmonic 
functions on [B(7i) n ]i; 

(ii) the selfadjoint completely bounded linear maps {^h,r}re[Q,i)' as sociate with the radial function of 
h, are uniformly bounded, i.e., sup H^.rllcb < 00/ 

0<r<l 

(iii) there exists a selfadjoint completely bounded linear map /1 : C*(R\, . . . , R n ) — > B(£) such that 
h = V[i. 

Moreover, one can choose u+ = VfJ.+ and u_ = V[i-, where /i = /i + — yU_ is the Jordan decomposition 
offi, i.e., > and ||^|| = ||^ + || + 

The map fi > V\l is a linear one-to-one correspondence between the set of all selfadjoint completely 
bounded linear maps on 72* + 72„ and the set {ui — u 2 ■ Uj > 0, Uj G Har(B(H)i)}. 

We introduce now the space Har 1 (B(TL) r l) °f au f rcc pluriharmonic functions h on [B(H.) n ]i with 
coefficients in B(£) such that sup n<r<1 ||^/i,r || < 00 and define \\h\\i :— sup 0<r<1 ||f?i, r ||. It is easy to 
see that || • ||i is a norm on Har 1 (B(H)i). Denote by CB (72* +72„, B(£)) the space of all completely 
bounded linear maps from 72* + 72„ to B{£). 

Theorem 6.4. (Har l {B{H) r l), || • ||i) is a Banach space which can be identified with the Banach space 
CB (72* + 72 n , B(£)). Moreover, the following statements are equivalent: 

(i) h is m Har^Bin)^); 

(ii) there is a unique completely bounded linear map /ih ■ 72* + 72n — > B{£) such that h = V\ih', 

(iii) there exists an n-tuple of isometries (Vi, . . . ,V n ) on a Hilbert space K,, with orthogonal ranges, 
and bounded operators Wi : £ — ► K,, i = 1, 2, such that 

h{X u X n ) = {W* ® I) [B X (V U V n )*B x {Vu ■ • • , V„)} (W 2 ® I), 

where B X {V U . . . , V n ) := (I ® A X )(J -Vi®Xi V„ <g> X*)-\ 

Proof. Define the map f : CB (72* + 72„, B{£)) -> Har 1 {B{Hyi) by ^(^) := Vfi. To prove injectivity 
of 'I', let fii,fi2 be in CB (72* + 72 n , B(£)) such that ^(/ii) = X I'(^2)- Then, due to the uniqueness of 
the representation of a free pluriharmonic function and the definition of the noncommutative Poisson 
transform of a completely bounded map on 72* + 72„, we deduce that ^i(R a ) — ^(Ra), ol £ F+, and 
Mi(-^a) — M2(-^a); a e ^«\{5o}- Hence, we have \i\ = \i 2 - The surjectivity of the map ^ is due to 
Theorem 16.21 The same theorem (see the proof) implies HT-VHi = ||^|| for any \i in CB (72* + lZ n ,B(£)). 
This completes the proof of the equivalence of (i) with (ii) and the identification of Har 1 (B(H.)i) with 
CB(72 r * +72„, £(£)). 
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To prove (iii), notice that part (i) and Proposition 1 5 . 1 1 imply 
(6.2) h(X 1 ,...,X n ) = {V l i h )(X 1 ,...,X n )=]l h (B* x B x ), 

where B x ■= (I &> A x )(/ - R\ ® X* — ■ ■ ■ — R n ® X*). On the other hand, by Wittstock's extension 
theorem [37], there exists a completely bounded map <fi : C*(R±, . . . , R n ) — > B(£) that extends /i/j 
with H/Lt/illcft = ||0||cb- According to Theorem 8.4 from [20], which is a generalization of Stinespring's 
representation theorem [43] , there exists a Hilbert space /C, a ^-representation it : C*(Ri, . . . , R n ) — > 
B(/C), and bounded operators W; : £ -> /C, j = 1,2, with ||0|| = ||Wi||||W 2 || such that 

</>(/) = WM/)W2, f€C*(R 1 ,...,R n ). 

Notice that := 7r(i2j), i = 1, . . . ,n, are isometries with orthogonal ranges and any *-representation of 
C*(i?i, . . . , -ff n ) is generated by n isometries with orthogonal ranges. Using now relation (|6.2[) . one can 
complete the proof of part (iii). □ 

Consider now the space of free holomorphic functions H 1 (B{H) f) := Hol(B(H)f)f]Har 1 (B(H)^) 
together with the norm || • ||i. The following result is a consequence of Theorem 16.41 and a weak version 
of the F. and M. Riesz theorem [18], in our setting. 

Corollary 6.5. ( y H 1 {B(Ti) r i),\\ ' IK) * s a Banach space which can be identified with the annihilator of 
K n in CB{K* n +K n ,B{£)), i.e., 

{Tin) 1 - := {/i S CB (n* n + Tl n , B{£)) : f i(R a ) = for all \a\ > 1}. 

In particular, for each f £ H 1 (B(Ti.)i), there is a unique completely bounded linear map fif £ (7t n ) ± 
such that f = 7 > fj,f. 

Let H 2 (B(H.)'i) be the set of all free holomorphic functions on [B(H) n ]i with operator-valued coeffi- 
cients in B(E), oftheform^(XL, . . .,X n ) = J^kLo S|a|=fc A (a.)®X a such that \\ip\\ 2 := E Q eF+ A \a) A {a) 
is finite. It is clear that (H 2 (B(H)i), \\ ■ || 2 ) is a Banach space. We recall [35] that H°°(B{H)i) is the set 
of all bounded free holomorphic functions on [B(H) n ]i. Due to the results of Section 3, it is clear that 

H°°(B(H)^) = Hol{B{Uyi)[]Har co {B{nyi). 

Proposition 6.6. H°°(B(H)^) C H 2 (B(H)^) C H 1 (B(H)i) and the inclusions are continuous. 

Proof. Let ip £ H°°(B(H)i) have the representation <p(X\, . . . , X n ) — J^'kLo J2\ a \=k A (a) ® Then its 
boundary function has the Fourier representation X^^Lo ^2\a\=k A (a) ® S a - Note that, for any x £ £ with 
||a;|| = 1, we have 

1/2 



1/2 



M| 2 < E WA^f 



oc 



A [a) ®S a \(x(g)l) 



< IMIc 



1^^ 

\a&t I \k=<d\a\=k 

Therefore, cp £ H 2 (B(H)^) and \\ip\\ 2 < \\<p\\oo- Assume now that <p £ H 2 (B(H)^). Define the linear 
map n v : K* n + K n -> B(£) by n v (R a ) = for a £ F+\{g Q }, and H V {R~) = A^ a) for a £ F+. Due to 
Corollary 16. 5i to show that ip £ H 1 (B{H)i), it is enough to prove that [i v £ (Tin)- 1 . For any m £ N, we 
have 

1/2 1/2 

\a\<m 




CaRot ~t~ ^ . d a R a 
\a\<m 




\a\ <m 




c a R a + E d«Rl (1) 



|a| <r 



1/2 



E ^ 



(a) 



< 



E C a R* a + E d cA 



|a| <r 



| of | <m 



Mb- 
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Hence and using Corollary [631 we deduce that \\<p\\i = \\fJ- v \\ < |M|2- Similarly, passing to matrices over 
72.* + lZ n , one can show that /j v is a completely bounded map. Since ip is a free pluriharmonic function 
and ip = VpL v , it is clear that fi v is the only completely bounded map on lZ^ + lZ n with this property. □ 

Remark 6.7. -£/*^(-B(7i)™) and fi v is the associated bounded linear functional on 7?.* + lZ n , then 

there are vectors 77, £ £ F 2 (H n ) such that n v {R* a ) = (RaViO f or anv a € and 



k=0 \a\=k 



,x n )e[B(n) n h 



Proof. Denote by /x* the linear functional on 1Z* n + lZ n defined by //*(/) := Let TZ, l be 

the norm closed linear span of the operators i? Q , |a| > k and assume that <p has the representation 
ip(Xi, . . . , X n ) :— Efclo E|a|=fc a Q-^"a- Notice that, for any m > fc, we have 

1/2 / \ 1/2 



^ d a R 

\ k < I a I < m 



< 



(V 

fe< |a| <m 

d <* R « ] (i) 

. k< \a I <m 




k < I a I < m 




1/2 



Therefore, 



1/2 



< 



0, 



as fc 



v fc<|a 

Using Proposition 2.2 from (10] , we deduce that ^%\fi n is an absolutely continuous functional on TZ n , 
i.e., there are vectors € F 2 (H n ) such that = (A^,rj) for any A S lZ n - Therefore, we have 

li v (R* a ) — /^* (i? Q ) — (i?*7y,£). Since ip = V^ v , we complete the proof. □ 

The remark above leads to the following question: can the set (IZn) 1 - be identified with the set 
of all absolutely continuous functionals on TV n ? If the answer is positive, then it will constitute a 
noncommutative multivariable generalization of F. and M. Riesz theorem |18j . 

Using Theorem l6.21 we can recast some results from [3T] and [35], and obtain the following Wiener and 
Bohr type inequalities (see [3J) for the analytic moments of a selfadjoint linear functional on C* (i?i , . . . , R n ) 
Let yit, t : C*(Ri, . . . ,R n ) — > C be selfadjoint linear functionals, where r is defined by r(g) :— (g(l), 1). 
If \x < t on K* n +K n , then 

/ \ V2 



\\ a \=k . 



<i-IM')l; 



< 



(ii) £ E MR a )\r a <l if ||(ri,...,' 

fc=0 \a\=k 

00 

(hi) |/i(/)| + 2EEi a i= fe lM(^)K<i if ||(n,...,r n )|| <§. 



k=Q 



7. Noncommutative Cayley transforms 

We introduce Cayley type transforms acting on formal power series, contractive free holomorphic func- 
tions on the noncommutative ball [B(7i) n ]i, and multi-analytic matrices, respectively. These transforms 
are needed in the next section to solve the Caratheodory interpolation problem for free holomorphic 
functions with positive real parts. 

Let / = Eui>i A( a ) ® Za be a formal power series in noncommutative indeterminates Z\, . . . , Z n , 
coefficients in B(£), and constant term 0. For each m £ N, f m defines a power series £| Q |> m ^(a) ® Z a 
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and it makes sense to consider the formal power series tp = 1 + / + / 2 H . We call C( Q ) the a-coefficient 

of f m . Notice that if m > k, then the term f m has all coefficients of order < k equal to 0. Thus, if 
a G F+ with |a| < k, then we may define the a-coefficient of <p as the a-coefficient of the finite sum 
1 + / + f 2 + ■ ■ ■ + f m . Notice that <p = 1 + E| a |>i B (*) ® z ^ where 

M 

(7.1) B ( a )=J2 A M'-' A in) for|a|>l. 

j = l ll---1j=a 

Tl I >1 l^j I>1 

Since (1 — f)(f = ip{l — /) = 1, we have (1 — f)^ 1 = (p. Denote by Cq[Zi, . . . , Z n ] the algebra of all formal 
power series in noncommutative indeterminates Z\, . . . , Z ni coefficients in B{£), and constant term 0. 
We introduce the Cayley transform C : C.q\Z\, . . . , Z n ] — ► Co[^i> . . . , Z n ] by setting 

C(f) := (1 - Z)- 1 /, feC [Z u ...,Z n }. 

Proposition 7.1. The Cayley transform for formal power series is a bisection and 

C-\f) = /(l + /r\ feC [Z 1 ,...,Z n }. 

Proof If ft, f 2 e Co[Zi, . . . , Z n ] and C(/i) = C(/ 2 ), then A(l - / 2 ) = (1 - ji)/ 2) whence f x = f 2 . To 
prove that the Cayley transform is surjective, let / G Cq[Zi, . . . , Z n ] and notice that 

c[f(i + fr 1 } = [i - /(i + /r 1 ] /(i + /r 1 = [(i + /rv + / - /)] _1 (i + /r 1 / = /. 

This completes the proof. □ 

Denote by the set of all polynomials of degree < 1 in F 2 (H n ), i.e., 

V {m} := span{e Q : a G F+, \a\ < m}, 

and define the nilpotent operators s\ m) : V {m) -> V {m) by s\ m) := P pW 5i| PW , i = l,...,n, where 
5i, . . . , S n are the left creation operators on the Fock space F 2 (H n ) and P V ( m ) is the orthogonal projection 
of F 2 (H n ) onto V {m) . Notice that sl m) = if \a\ > m + 1. According to [37], the n-tuple of operators 
(S^ ^, . . . , Sn) is the universal model for row contractions (Ti, . . . , T n ) with T Q = for |a| > m + 1, 
and the following constrained von Neumann inequality holds: 

(7.2) |b(T 1 ,...,T n )||<||p(5( ,n) ,..., ^)|| 

for any noncommutative polynomial p(X\, . . . , X n ) — X)| Q |<fc A (a) ® -^m fc G N. 

Lemma 7.2. Let /, <? 6e /ree holomorphic functions on the noncommutative open ball [B(TL) n ]i with 
operator-valued coefficients. 

(i) // / has the representation f(X%, . . . , X n ) :— Ylk=0 J2\ a \=k A (a) ® -^a> 

m 

fc=0 |a|=fc 

is a bounded linear operator on £ <g) p( m ) cmrf 

||/(^ m) ,...,S(™))||= sup \\f(rS[ m \...,rS n m) )l 

re[0,l) 

(ii) f = g if and only if f(S[ m , . . . , S^) = g(s[ m \ . . . , <sl m) ) for any m G N. 

(iii) / G H°° (B(Ti)i) if and only if supj^jgj^ ||/(<S^ , Sn )|| < oo. Moreover, in this case, 

\\f\\ 00 = su P \\f(s[ m) ,...,si m y)\\. 
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Proof. Since S a = for a G F^" with |a| > m + 1, and using inequality (|7.2|) . we have 



\f(rS\ 



(m) 



,rS^)\\ = 



EE 

k=0 \a\=k 



for any r G [0, 1). Since lim r ^i f(rSi 



< 



(m) 



E E 

fc=0 \a\=k 



(m) 



1/(^1 



in the operator norm topology, 



(m) 



we deduce part (i). Part (ii) is obvious, so we prove (iii). According to [35J, if / e H°°(B(TL)i), 
then || / 1| oo = sup re[0)1 ) ||/(rSi, . . .,rS n )\\. Since /(rS} 



(m) 



r5n ■*) — -Pf®p("i)/( ? ''S'l7 ■ ■ ■ ! r 'S'n)|£-g ) p(m) , 



,si m) )|| < 11/11 



-,(m) 



r G [0, 1), we deduce that ||/(S' 1 m) 

Conversely, assume that sup meN \\f(S\ 
there exists r 6 [0,1) such that \\f(r Si, . . . ,r S n )*\\ > M. Consequently, we can find a vector q = 
J2\ a \<k ha ® e Q of norm one such that || /(r 5*i , . . . , r S n )*q\\ > M. Notice that 



for any m G N. 

< oo and / £ H°°(B(H)f). Then for any M > 



\\m k \...,SW)\\ > \\f(r s[ k \...,r S^r\\ > \\f(r S l ,...,r S n yq\\>M, 



which implies sup meN \\f(s[ m \ ■ ■ ■ , Sn'"'')|| > M. Hence, we get a contradiction. Therefore, we must 
have / G H°°(B(TL) r l). Moreover, the considerations above can be used to deduce that ||/||oo = 
sup mgN 11/(5^, . . . , Sn )||- The proof is complete. □ 

We remark that a result similar to that of Lemma 17.21 holds for free pluriharmonic functions. The 
proof is basically the same but uses the results of Section 3. Consider now the sets 

H™(B(Hyi) := {/ G H°°(B(HK) : /(0) = 0} 
Hol+(B(nyi) := {g G Hol(B(H)?) : g(0) = 0, g(X)* + I + g(X) > for le 
We introduce the noncommutative Cayley transform 

C : [flS°(B(W)D]<i -> Hol+{B{H)l) defined by C/ := .9, 
where 5 is the free holomorphic function on [B(H.) n ]i uniquely determined by the formal power series 
(1 — f)~ 1 f, where / is the power series associated with /. Of course, it remains to show that C is 
well-defined. 

Theorem 7.3. The noncommutative Cayley transform is a bisection between the unit ball [Hq°(B(TI)")} <1 
and Hol+(B{H)^). 



Proof. First, we show that the map C is well-defined. Let / be in [H^°(B(H)i)] <1 and have the represen- 
tation f(X u ...,X n ):= £~ ! £ w=fe A (a) ®X a , (X u . . . , X n ) G [B(W) n ]i. We shall prove that C(f) G 
HoIq {B(TL)™. Due to the Schwartz type lemma for bounded free holomorphic functions on the open unit 
ball of B(H) n (see [35]), we have ||/(X 1; . . . , X„)|| < \\[X U . . . , X n }\\ for (Xi,...,X n ) G [B(H) n ]i. Since 
f(rSi,...,rS n ) is in B{£) ® min A n and ||/(rSi, . . . , rS n )\\ < r < 1, the operator J - /(rSi, r5 n ) 



is invertible with its inverse (I — f(rS\, . . . , rS n )) in 



B{£) 



A n C B{£)®F™, where F~ is the 



noncommutative analytic Toeplitz algebra [25], i.e., the weakly closed algebra generated by the left cre- 
ation operators and the identity. Therefore, the operator (I — f(rS\, . . . , rS n )) f{rS\, . . . , rS n ) is in 
B(£ ) ® ,4„ and has a representation X) a eF + B( a ) ® r'"'^ for some operators f?( Q ) G ). Using the 
fact that 



we deduce that 

{I-f(rS u 



, r5 n ) = f(rSx, . . . , r,S n ) -I- f(rSi, rS n ) 2 + 



E E B {a) ®r^S a , 

k=l \a\=k 
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where the coefficients B( Q ) are given by relation ()7.1|) . Hence and due to the definition of the noncom- 
mutative Cayley transform, we have 

C(/)(r5i, . . . , rS n ) := fl (rSi, . . .,rS n ) = (I- f(rS u . . . ,r5„))- 1 /(r5 1 , . . .,rS n ), r e [0, 1). 

This shows that g{X\, . . . ,X n ) — YlkLl Sla|=ft ^(«) ® * s a ^ ree holomorphic function on [B(Tt) n ]i, 
and g(0) = 0. Now, we prove that 

(7.3) g(X)* + I + g(X) > for any X G 

Due to the Poisson mean value property of Theorem 1 2. 4[ it is enough to show that 

h(rSi, . . .,rS n ) := g(rSi,. . .,rS n )* + I + g(rSi, . . .,rS n ) > for any r £ [0, 1). 
Notice that 

f(rSi, . . -,rS n )[I + g(rSi, . . .,rS n )] = f(rSi, . . .,rS n ) {/+[/- f(rSi, . . . , rSn^^firSi, . . .,rS n )} 

= f(rSi, . . .,rS n )[I - f(rSi, . . ..rSW)] -1 = g(rSi, . . .,rS n ). 

Using this relation, we deduce that 

h(rSi, . . .,rS n ) = [I + g(rSi, . . .,rS n )]*[I + g(rSi, . . .,rS n )] - g(rSi, . . . ,rS n )*g(rSi, . . .,rS n ) 
= [I + g(rSi, rS n )]*[I + g(rSi, . . .,rS n )] 

- [I + g{rS u rS^YfirSi, rS n )*f(rS!, rS n )[I + g(rSi, rS n )} 
= {I + g{rS u . . . , rS n )]*[I - f(rS u rS n )*f(rS u rS n )][I + g(rS u rS n )}. 

Since ||/(rSi, . . . , rS n )\\ < 1, we deduce that h(rSi, . . . , rS n ) > for any r £ [0, 1), which proves relation 
(1731) . Therefore, C(f) G HoIq(B(H)i). 

To prove injectivity of C, let f 1 ,f 2 G [ J ff oo ( J B(W) I 1 l )] <1 such that C/i = Cf 2 . Then 

[I - /i(r5i, • ■ ■ ,rS n )]~ 1 f 1 (rS 1 , rS n ) = [I - f 2 (rS 1 , . . . , r5 n )] _1 / 2 (r5i, . . . , rS n ). 

Multiplying this equality to the left by / — fi{rSi, . . . , rS n ) and to the right by I — f2(rS±, . . . , rS n ), we 
deduce that /i(r<Si, . . . , rS n ) = f2(rSi, . . . , rS n ) for r G [0, 1). Consequently, /1 = f 2 - 

To prove that the noncommutative Cayley transform is surjective, let g be in Hol$ (B(H)™) and have 
the representation g(Xi, . . . , X n ) := Y^kLx E| a |=fc ^( a ) ® "^ Q - First, notice that 

iT(S< m \ . . . , 5^) := 5 (S< m) , . . . , SW)« + I + g(S[ m \ . . . , S™) 

= [I + g(S[ m \ . . . , 5^)]*[/ + g(S[ m \ . . . , S^)] - g(s[ m \ . . . , S^')*^^' . . . , S^). 

Since H(s[ m \ . . . , 5i m) ) > 0, we deduce that || [/ + g(s[ m) , . . . , S { n m) )}x\\ > \\g(s[ m \ . . . , 5i m) )a;|| for any 
x £ £® V {m) . Consequently, there exists a contraction A m : £ <g) "P (m) -> £ <E> "P (m) such that A m [I + 
g(s[ m \ Si m) )] = 5 (^ m) , . . . , 5i m) ). Since g(s[ m) , . . . , si m) ) is lower triangular, I + g(s{ m \ S { n m) ) 
is invertible, and therefore 

A* m = [i+ g (s<r\ s^m^, S^)*. 

Now, notice that, for each m £ N and i = l,...,n, we have (S' l - , ™ +1 ' ) )*| T )( m ) = {S\™^)* — S*\-p( m ). 
Hence, A* n+1 \ £( ^-p(m) — A* n for any m £ N. Using a standard argument, one can prove that there 
is a unique contraction A £ B(£ ® F 2 (H n )) such that A*| £8) p(m) = A* m for any m G N. Indeed, if 
x £ £ ® F 2 {H n ) let q m := P £ ^ V ( m )X and notice that {A^g m }^ =1 is a Cauchy sequence. Therefore, we 
can define v4*ir := limm-^ A* m q m . Since ||A m || < 1 for m £ N, so is the operator A. 

Taking into account that RiSj = SjRi, i,j = l,...,n, and r p( m \ m £ N, is an invariant subspace 
under each operator . . . , i?„, S u . . . , S n , we deduce that (S^ n+1) y R*\ v(m +i) = R*(S^ m+1) y. Hence 
and due to the form of the operator A m , we have {Is <8> R*)A* n = A^ils <8 -R*) for any m G N and 
i = 1, . . . , n. Now, for each a G F+ with |a| = fc, and k = 0, 1, . . ., we have 

(I £ <gs e og J = (If ® iJ?)Ajfc +1 e og< = A* k+1 (I e ® e Qffs ) 

= A^ +1 (x«ie Q ) =A^(x(g)e Q ) 
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and A* {Is <g> R*){x <g> e ag ,) = A*{x® e a ) = A%{x ® e Q ). Hence, we deduce that 

{Is <8> R*)A*{x <g> e agi ) = A* {I £ ® R*){x <g> e agi ). 

On the other hand, if a G F+ has the form ■ ■ ■ gi v with gs ^ i, then A* {Is <S> R*){x ® e a ) = and 

{I £ <g> R*)A*{x ® e a ) = A£ +1 (7 £ (g) <g> e Q ) = 0, 

which shows that A*{I £ ® 72*) (a; ® e a ) = (7 f ® (8 e a ). Therefore, A{I £ ® R t ) = {h ® Ri)A, 

i = 1, . . . , n. According to [57], we deduce that A is in B{£)<8>F£°, the weakly closed algebra generated by 
the spatial tensor product. Due to [35], there is a unique / G i7°°(7?(77)™) having the boundary function 
A, i.e., A = SOT-lim r ^i f{rSi, . . . ,rS n ). Hence, and using the fact that A*| f8P (m) = A* m , we deduce 
that 

A m = SOT- lim Pp^firS!, . . .,rS n )\ mv(m) = lim f{rS[ m \ . . .^S^) = f{S[ m \ ■ • ■ ,^ m) ). 

Therefore, we have f{S i 1 m) , . . . , S { n m) ) = [I + g{S[ m) , si m) )]' 1 g{S ( i m) , . . . , S { n m) ) for any meN, which 
is equivalent to 

/(^ m) , . . . , = 5 (^ m) , . . . , sni - f{s ( r\ st*)]. 

Consequently, C{f){S[ m) , . . . , S { n m) ) = g{S[ m) , . . . , S"i m) ) for any m G N. By Lemma El we have C(/) = 
<7, which proves that the Cayley transform is surjective. □ 

Denote by C^ m '[Z-i, . . . , Z n ], m G N, the set of all noncommutative polynomials of degree < m. Let 
be the set of all operators q{S ( i m) , . . . , sL m) ) G 7J(£ <8> P (m) ), where g G C( m) [Zi, . . . , Z n ] and 

g(0) = 0. We also denote by £^"q the set of all operators p(s[ m \ . . . , Sn ) G A^q with the property 
that 

p{s[ m \ . . . , SH)* + 7 + p(sj m) , . . . , S<" 1 )) > 0. 
We introduce now the truncated (or constrained) Cayley transforms C^ m \ m G N, defined on the unit 
ball of the subalgebras A^q , and point out the connection with the noncommutative Cayley transform. 

Theorem 7.4. The Cayley transform : [A { ™J]<i -> denned fey C( m )(X) := X(7 - X)- 1 , 

X G [AI™q ]<i, is a bijection and its inverse is given by [eM]-i(y) = y^ + y)- 1 , y e Moreover, 

(i) CM[/(Sl m) , . . . , 5i m) )] = (C/)(^ m) , . . . , S^) for any f G [77 »(7J(W)?)]<i and m G N; 

(ii) [CW}-l[g{Si m \ . . . , 5i m) )] = [C-V{g)}{St\ • • • , ^ m) ) /or any g G 77 O / +(S(tt)?). 

Proof. First, note that if X G [.Al™ ) ]<i, then X m+1 = and 7 - X is invertible. Therefore, 

y := X(7 - X)" 1 = X + X 2 + • • • + X m 

has the form q{s[ m) , . . . , s£ m) ), where o G C< m )[Zi, . . . , Z n ] and o(0) = 0. Notice also that X{I + Y) = Y 
and 

Y + I + Y* = (7 + y)*(7 + Y) - Y*Y = (7 + Y*){I - X*X){I + Y) > 0. 
Therefore Y G Conversely, if y G ££$, then y + 7 + y* > and, as in the proof of Theorem [73j 

there exists a contraction A m : £ <%> V {m) -> f <g) "P (m) such that A TO = y(7 + y)" 1 . Since y m+1 = 0, 
it is easy to see that A m has the form p{s[ m \ . . . , Sn^) for some polynomial p G C^ m ^ [Z±, . . . , Z n ) with 
p(0) = 0. Hence, A TO G ^4.^o • As in the proof of Proposition [JJTJ one can prove that the Cayley transform 
CM is one-to-one and C {m ~>{A m ) = Y. Therefore C {m "> is a bijection. 

If / G [flg°(B(W)J)]<! then /(5< m) , . . . , ^ m) ) is in [A^oki- Since /(5^ m) , . . . , S { n m) ) m+1 = and 
Cf = f + f 2 + ■ ■ ■ , we have 

{Cf){s[ m \ sir ] ) - /(^ m) , . . . , s<r>)[i - f(s[ m \ 4 m) )] _1 = c (m) [/(^ m) , . . . , 4™))]. 

Therefore, item (i) holds. Setting g = Cf in (i) and using Theorem 17.31 one can easily deduce (ii). The 
proof is complete. □ 

The following result is a consequence of Theorem 17.41 
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Corollary 7.5. Let T£j C B{£ ® "p(" 1 )) be the set of all positive operators of the form 



P (s[ m \...,s^r+i+p(s[ m) ,...,siry), 

Then, there is a one-to-one correspom 
A^T:= [C {m) {A)\* +1+ [C [m \A)\ 



where p(s[ m \ . . . , Sn ) € 4o ■ Then, there is a one-to-one correspondence 



between A^q and 71 j 



8. CARATHEDORY INTERPOLATION FOR FREE HOLOMORPHIC FUNCTIONS WITH POSITIVE REAL PARTS 

In this section we solve the Caratheodory interpolation problem for free holomorphic functions on 
[B(H) n ]i with positive real parts and show that it is equivalent to the Caratheodory- Fejer interpolation 
problem for multi-analytic operators [37] and to the Caratheodory interpolation problem for positive- 
definite multi-Toeplitz kernels on free semigroups [3T]. Using the results from [3T], we can provide a 
parametrization of all solutions in terms of generalized Schur sequences. 

Recall that V^ m > is the set of all polynomials in F 2 (H n ) of degree < m. According to [27], an operator 
A m 6 B{£ <g) 7^( m )) is called multi-analytic if there exists a sequence of operators {^4(a)}| Q |< m in B{£) 
such that A m has the matrix representation [j4a,/3]|o!|<ro,|/3|<m> where 



(8.1) 



l n,0 



otherwise. 



Moreover, the set of all multi-analytic operators on £<g)'p( m - > coincide with the commutant of the operators 
h <g> s[ m \ . . . , I E ® where S 4 M := P v(m) S,\ v(m) , i = 1, . . . ,n. 

The definition of a multi-analytic operator A S B(F 2 (H n )) is now clear. Moreover, we proved in [37] 
that A £ B{£ <E> F 2 (H n )) is a multi-analytic operator if and only A £ B(£)®TZ^ , the weakly closed 
algebra generated by the spatial tensor product. In this case, there exists a unique sequence of operators 
{^(a)} Q , e F + m B(£) such that A has the Fourier representation X^ Q eF + ^(«) ® 

The Caratheodory- Fejer interpolation problem for the noncommutative analytic Toeplitz algebra is 
the following: given {A( a )}| a |< m C B(£), find a sequence {^4( Q )}| Q |> m +i C B(£ ) such that X) Q 6F+ ^(<*) ® 
i? Q is the Fourier representation of an element / £ B(£)(E)1Z^ with ||/|| < 1. This problem was solved in 
|27] where, using the noncommutative commutant lifting theorem |23) , we proved that the Caratheodory- 
Fejer interpolation problem for the IZ^ has solution if and only if ||A m |j < 1, where A m is defined 
above. 

Lemma 8.1. Let u be a free pluriharmonic function on [B(H) n ]i with operator-valued coefficients. Then 
u is positive on [B(7i) n ]i if and only if u(Si , . . . , S n ) > for any m £ N. If the positive free 
pluriharmonic function has the representation 

oo oo 

u{Xx, . . .,X n ) = Yl A U ^(o) ®/ + EE A (-) ® x °> 

k=l \a\=k k=l \a\=k 



1/2 

T,\ a \=k A * a ) A (a) ^ \\ A (0)\\ f° r an V k > 0- 



th 

Proof. Assume that u has the representation 



■OC: 



U (Xi, . . . , x„) = J2 Y B ( a ) ® x *+ A (o) ® 1 + A ( a ) ® Xa 

k=l \a\=k k=l \a\=k 

and u(S[ m \ . . .,Si m) ) > for any m £ N. Since = for a e F+ with |a| > m + 1, the latter 

inequality is equivalent to 

T m := ^ B (Q) ®(S£ m >r +A (0) ®/+ ^ A (a) ®5i m )>0 
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4* 


if /3 > r a 


A ( o) 


if a = /3 




if a > r (3 





otherwise 



for any m 6 N. Since = T m , we deduce that -B( Q ) = Ats for any a 6 F+. As in the proof of Theorem 
15.21 one can show that, for any vector of the form Yl\p\<m hp ® ep & £ ® pW, 

(T ro ^] /i^eJ, ^] /i 7 (8e 7 |= Y (if (7, p)hp, h 7 ) , 

\ \\0\<7n J \i\<m I |/3|<m,|7|<m 

where the operator matrix [K(a, /3)]\ a \< m ,\p\<m is defined by 



for any \a\ < m, \f3\ < m. Hence [K (a, I3)]\ a \< m ,\p\<m is a positive multi-Toeplitz matrix for any m £ N. 
According to [2jj] there exists a completely positive map [i : C*(Ri, . . . , R n ) — > B{£ ) such that fi(Rs) = 
A*,, for a e F+. Therefore, m(Xl, . . . , X n ) — (Vfi)(Xx, . . . , X n ) Since is completely positive, V[i > 0. 
The converse is obvious. 

Since R%, . . . , R n are isometries with orthogonal ranges, so are the operators R a if \a\ — k, where 
k = 1,2,.... Therefore, the row operator [R a : \a\ — k] has norm one. Since \i is a completely positive 
linear map, we have 

1/2 

^ A \a) A (a) 
\a\=k 

The proof is complete. □ 



\\[A\ a) : \a\ = k]\\ = \MR S ) : \a\ = fc]|| < |M| cb || [R a : |a| = k] \\ < ||/z(I)||. 



Using our noncommutative Cayley transform (Theorem 17. 3[) . we prove the following Caratheodory 
interpolation result for free holomorphic functions with positive real parts on [B(Ti) n ]i and coefficients 
in B(£), where £ is a separable Hilbert space. 

Theorem 8.2. Let {i?( Q )}| Q |< m be a sequence of operators in B{£) with _B( ) > 0. Then there exists a 
sequence {-B( Q )}| Q |>m+i C B{£) such that 

B 00 

(8.2) g ( Xl> ...,X n ):=-^+J2 Y B (*)® X <*, X:=(X 1) ...,X n )e[B(H) n } 1 , 

k=l \a\=k 

is a free holomorphic function with positive real part, i.e., Re g(X\, . . . , X n ) > for any (X±, .... X n ) in 
[B(H) n ]i, if and only if 

(8.3) Y B* {a) ®(St ) y+B i0) ®I+ Y B (a) ®Si m )>0. 

l<\a\<m l<\a\<m 

Proof. First, assume that g S Hol + (B(Ti)i) and has the representation (|8.2[) . Applying Lemma \8. II to 
the free pluriharmonic function u := 2Reg, we deduce condition (|8.3p . 

Conversely, assume that {-B(a)}| Q |< m is a sequence of operators in B(£) such that (|8 . 3[) holds, and 
denote 

(8.4) Y:= Y B (a) ®S^\ 

1< a| <m 

First, we consider the case when J3( ) = Is- According to Theorem 17.41 the inverse truncated Cayley 
transform [CO")]" 1 ^) is a multi-analytic operator on £ ® "p( m \ of the form X :— ^2x<\a\<m ^-{pt) ® 
Sa for some operators {A( a }} 1< \ a \ <m C B{£ ). Applying the Caratheodory- Fejer interpolation result 
for multi-analytic operators [27], we find a sequence {^4( a )}|a|>?n+i C B(£) such that J2 a <EW + ■^■(a) ® 
i? Q is the Fourier representation of a an element y> S B^f&TZ^ with ||<^|| < 1. Let / be the free 
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holomorphic function on [B(H) n ]i with boundary function tp, i.e., /(Xi, . . . , X n ) — Y^k=i Y^\ a \=k A(a) ® 
X a , {Xx, .. .,X„) G [B(H) n ]i. Since / G [Hq°(B(H)i)]<i, Lemma O implies 

(8.5) /(S< m) ,...,Si m >HX. 

Now, we can use Theorem 17.31 to deduce that the noncommutative Cayley transform tp :~ C(/) is in 
HoIq(B(7{)i) and has a representation ip(Xi, . . . , X n ) = YlkLi S| a |=ft G ( Q ) ® "^ Q - Since V" = (1 — 
andC< m )pO = y, we can use relations (|8 . 5[) and (|8.4p to obtain 

E ® = ' • • ' = ( J - /( 5 i m) . ■ ■ • > ^ m) ))- 1 /(^i m) , • • • , SW) 

l<\a\<m 

= (I-X)- 1 X = Y= £ B { a) ®S^\ 

1< \a\ <m 

Hence, we deduce that CV a ) — B/ a \ for 1 < \a\ < to. 

Now, we consider the general case when B(o) > 0. Let e > and notice that condition (|8 . 3[) implies 

E ^)( £ )*®(si m) r + ^o)^+ E ^( Q )W®5( m )>o, 

l<|a|<m 1< |a| <m 

where D (0) := Z and D (a )(e)* := (S (0) + eI)- 1 / 2 B {a) {B {0) + el)- 1 / 2 , 1 < \a\ < to. Applying the first 
part of the proof, we find a sequence of operators {-D( a )(e)}|a|> m +i C B{£ ) such that 

^(X!,...,X„) = -J + ^^ D (a) (e)<g)X a , (Xi,...,X n ) G [B(W)"h> 

k=l \a\=k 

is a free holomorphic function on [B(H.) n )i with positive real part. Define 

£ e (X lt • • • , X n ) := [(B ( o) + e/) 1/2 <8> /] p e (*i, . . . , X n ) [(S (0) + el) 1/2 (8 I 

for (Xi, . . . ,X n ) G [-B(7i)™]i. Notice that £ e is a free holomorphic function on [B(H) n ]i with positive 
real part. Moreover, we have 

^ oo 

€ e (X 1 ,...,X n ) = -(B (fi) +eI)®I+ E B (a) ®X a + E E C(a)(e)®A^ Q , 

l<|a|<m k=m+l \a\=k 

where C( Q) (e) := (B (0 ) + e/) 1/2 £>( Q )(e)(5( ) + e/) 1/2 for |a| > to + 1. By Lemma [8TT1 we have 



(8.6) 



1, 



< -II^cq) + eZ||. 



E C ia) (e)*C (a) (e) 

\a\=k 

Therefore, there exists a constant M > such that ||C( Q )(e)|| < M for any e € (0, 1) and a G F+ with 
|a| > m + 1. Due to Banach-Alaoglu theorem, the ball [B(£ )]7, is compact in the w* -topology. Since £ 
is a separable Hilbert space, [B(£ )]^ is a metric space in the i«*-topology which coincides with the weak 
operator topology on Consequently, the diagonal process guarantees the existence of a sequence 

{e m } such that e m — > and G( Q ) :=WOT- lim^ C[ a ) (e m ) exists if |a| > to + 1. Due to (|8.6p . we have 



1/2 



l/2fc 



< 1. 



EH=fc G (a) G K> < 5 11-8(0) II for an Y fc > 0. Consequently, limsup^^ J2\ a \=k G * a ) G ( a ) 
This implies that the function defined by 

£(X 1 ,...,X n ) = -B ( o)®I+ E 8 (Q) ®A Q + E E G («)® Xq 

fc— m+l |a|— fc 

for (Xi, . . . , X„) G [S(7Y)"]i is free holomorphic. Since Re£ e (Xi, . . . , X n ) > for any e G (0, 1) and any 
(Xi, . ..,X„) G we have Re^S^, ■ • • , si m) ) > for any to G N and e G (0, 1). Hence, taking 

e — > 0, we deduce that Re£(Si m \ . . . , Sn ) > for any to G N. Applying once again Lemma IBTTl we 
conclude that £ has positive real part and complete the proof. □ 
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We recall that a multi-Toeplitz matrix [K(a, w)]| CT |< m ,| w |<m with K(a,uj) £ B(£), admits a positive- 
definite multi-Toeplitz extension to F+ if there exist some operators K(a,ui) £ B(£) for |<r| > m + 1 and 
\u>\ > m + 1, such that K : F+ x F+ — > B(£) is a positive semidefinite multi-Toeplitz kernel. 

In this setting, the Caratheodory interpolation problem is to find all positive semidefinite multi- 
Toeplitz extensions of a positive multi-Toeplitz matrix [K(o~,uj)]\ a \< m \ u \< m . We proved (|31j) that a 
multi-Toeplitz kernel on {a £ F+ : \a\ < m}, admits a positive semidefinite multi-Toeplitz extension to 
F+ if and only if the operator matrix M m := [K(a,u))]\ (T \< m \ ul \< m is positive. 

Using Theorem 18.21 and Theorem 15.21 we can obtain another proof of the above-mentioned result as 
well as the following. 

Theorem 8.3. The following problems are equivalent: 

(i) Caratheodory interpolation problem for free holomorphic functions on [B(TL) n ]i with positive real 
parts; 

(ii) Caratheodory-Fejer interpolation problem for multi- analytic operators; 

(iii) Caratheodory interpolation problem for positive semidefinite multi-Toeplitz kernels on free semi- 
groups. 

Proof. To prove the implication (i) =*> (ii), let {^4( a )}| Q |<m C B{£) be such that \\A m \\ < 1, where A m 
has the matrix representation [A a>l a]| a |< mi | | 3|< m , given by (|8.Ij) . Notice that B := J2\ a \<m A( a ) <8 Sg 1 ^ 1 ^ 
is in [4™ +1 ]<i and 9(S[ m+1 \ Si m+1) ) := C^(B) is in Therefore, 

l<\a\<m+l 

for some operators {i?( (T )}i<|o'|<m+i 5 an d g(S[ m+1 \ . . . , S'i m+1 ^)* + 1 + g(s[ m+1 \ . . . , Sf^ n+1 * > ) > 0. Since 
(i) holds, we find a sequence of operators {B(o)}\<j\>m+2 such that the function g(X\, . . . , X n ) := 
S|o-|>i ® X a is free holomorphic and g(X\, . . . ,X n )* + I + g(X\, . . . ,X n ) > for (Xl, . . . ,X n ) £ 
[B(H) n ] 1 . Due to Theorem El the function / := C^ig) is in [H^°(B(H)^)]<i and has the form 
/(Xi, . . . , X n ) = Ylp\>i C[fi) ® Xp. On the other hand, using Theorem 17.41 we deduce that 

f(S[ m+1 \...,St +1) ) = [C-\g)](s[ m+1 \...,S^) = [C^]-i[g(si m+1 \...,St+V)} 
= [C^r'[g m+1 (s[ m+1 \ . . . , S^)] =B= 4«) ® 

\a\<m 

Hence, Ci gio A — At a \ and Ct gia \ = for any \a\ < m and i — 2, ...,n. Consequently, the bound- 
ary function of the free holomorphic function / has the Fourier representation $Z| Q i< m -<4.(a) ® S gia + 
E|/3|>m+2 ^(/3) ® Let V be the free holomorphic function on [B(Ti) n ]i which has the boundary func- 
tion (Is <g> S*)f. It is clear now that (f is in [H°°(B(H)i)]<i and has the form 

tp(Xi,...,X n ) = A (a) ®X a + C (7 )(H)^7, 

a|<m 7l> m +l 

which implies (ii). The proof of the implication (ii) (i) is contained in the proof of Theorem 18.21 

We prove now that (i) =>• (iii). Let [K(a, /3)]\ a \< m ,\/3\<m be a positive multi-Toeplitz matrix and set 
Bt a -) :— K(a,go), \a\ < m. Consequently, we have 

B h\ Ta ) if /3 >r a 
B {0) if a = fi 
B( a \ r i3) if a > r 13 
otherwise 

forany|a| < m, \f3\ < m. As in the proof of Theorem l5.21 one can show that the matrix [K(a, /3)]|a|<fn,|/9|<f> 
is positive if and only if T rn > 0. 



K{a,0) 
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Applying now Theorem 18.21 there is a sequence of operators {-B( Q )}| a |>m+i C B{£) such that 

B 00 

(8.7) g(X 1 ,...,X n ):=-jp-+J2J2 B ('*)® X °» (Xl, . . . , X n ) £ [B(H) n ]i, 

fe=l \a\=k 

is a free holomorphic function with positive real part. Thus g G Hol + (B(H.)i) and, due to Theorem 
15.21 g £ S + (B(H)i). Therefore (hi) holds. The converse (hi) => (i) is based on similar arguments. 
Assume that {-B( Q )}| Q |< m is a sequence of operators such that condition (|8.3[) holds. Then the matrix 
<ro,|/3|<m i s positive and due to (hi) it admits a positive semidehnite multi-Toeplitz extension 
K : F+ x F+ — > B(£). Applying again Theorem 15.21 we hnd a free holomorphic function g of the form 
(|8.7[) with positive real part. This completes the proof. □ 

Using the results of this section together with Theorem 3.1 from [29] . we deduce the following result. 

Remark 8.4. The Caratheodory interpolation problem for free holomorphic functions with positive real 
parts on [B(Ti) n ]i has a solution if and only if there is a completely positive linear map 

v : A* n + A n —>■ B(E) such that v(S a ) = B* a y \ a \ — m i 

i.e., v solves the noncommutative trigonometric moment problem for the operator system A n + An, with 
data {B* (a) } 

\a\<m- 

We say that a multi-Toeplitz kernel K : F+ x F+ — * B(£) has a Naimark dilation if there is a 
Hilbert space K. D £ and an ri-tuple (V\, . . . ,V n ) of isometrics on JC with orthogonal ranges such that 
K(g ,o-) = PeVo\s for any a £ F+. The Naimark dilation is called minimal if K, = V ae v+ V a £. The 
n-tuple (Vi, . . . , V n ) is called the minimal isometric dilation of K. Extending on the classical case [44] . 
we proved in [31] that a multi-Toeplitz kernel on F+ is positive semidefinite if and only if it admits a 
minimal Naimark dilation. In this case its minimal Naimark dilation is unique up to an isomorphism. 

In [31], we showed that any positive semidehnite multi-Toeplitz kernel K : F+ x F+ — > B(£) uniquely 
determines and is uniquely determined by a sequence of row contractions called generalized Schur 

sequence. We also obtained a concrete matrix representation of the minimal Naimark dilation for posi- 
tive semidehnite multi-Toeplitz kernels on free semigroups, in terms of their generalized Schur sequences, 
extending the noncommutative minimal isometric dilation theorem for row contractions. This geometric 
version of the minimal Naimark dilation was used to show that there is a one-to-one correspondence be- 
tween the set of all positive multi-Toeplitz matrices M m :— [K(o~, w)]i cr |<m ,\ui\<m an d the Schur sequences 
an d recursively calculate {^j}JLi from {K(g , c)}| CT |< m - We also obtained a parametrization of 
all solutions of the Caratheodory interpolation problem for positive semidehnite multi-Toeplitz kernels 
in terms of generalized Schur sequences. Consequently, using the results of this section, we have now a 
parametrization of all solutions of any of the Caratheodory type interpolation problems of Theorem 18. 31 
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